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Abstract: 
Inverse Cube equations F = m γ = - k/r³ r (1), then in polar coordinates  

With m [d² r/dt² - θ'²r] = - k /r³            Inverse Cube Equation       (1)

And d (r²θ')/d t = 0                               Kepler's Areal Velocity Equation    (2)

These two equations give an axial rotation rate:  
One: φ = (m/ M) (180) [36526/T] [3600] arc second/100 years

            = 43.0344 seconds of arc / century for Mercury  

Two: δ θ' = - 720 [36526/T] (3600) √ (1 - ε²)/ T (1 - ε) ² (v/c) ² arc second/100 years

            = 43.0" seconds of arc /century for Mercury 

Solution:

           All there is in the Universe is objects of mass m moving in space (x, y, z) at a location 
  r = r (x, y, z). The state of any object in the Universe can be expressed as the product 

S = m r; State = mass x location: 
P = d S/d t = m (d r/d t) + (dm/d t) r = Total moment 

   = change of location + change of mass

  = m v + m' r; v = velocity = d r/d t; m' = mass change rate

F = d P/d t = d²S/dt² = Total force

   = m (d²r/dt²) +2(dm/d t) (d r/d t) + (d²m/dt²) r

   = m γ + 2m'v +m" r; γ = acceleration; m'' = mass acceleration rate

In polar coordinates system

r = r r (1) ;v = r' r(1)  + r θ' θ(1) ; γ = (r" - rθ'²)r(1) + (2r'θ' + r θ")θ(1)
r = location; v = velocity; γ = acceleration

F = m γ + 2m'v +m" r
F = m [(r"-rθ'²) r (1) + (2r'θ' + r θ") θ (1)] + 2m'[r' r (1) + r θ' θ (1)] + (m" r) r (1)
  = [d² (m r)/dt² - (m r) θ'²] r (1) + (1/mr) [d (m²r²θ')/d t] θ (1) 

  = [-GmM/r²] r (1)   ------------------------------- Newton's Gravitational Law

Proof:

First r = r [cosine θ î + sine θ Ĵ] = r r (1)

Define r (1) = cosine θ î + sine θ Ĵ 

Define v = d r/d t = r' r (1) + r d[r (1)]/d t

              = r' r (1) + r θ'[- sine θ î + cosine θĴ]

              = r' r (1) + r θ' θ (1)
Define θ (1) = -sine θ î +cosine θ Ĵ;

And with r (1) = cosine θ î + sine θ Ĵ

Then d [θ (1)]/d t= θ' [- cosine θ î - sine θ Ĵ= - θ' r (1)  
And d [r (1)]/d t = θ' [-sine θ î + cosine θ Ĵ] = θ' θ (1) 

Define γ = d [r' r (1) + r θ' θ (1)] /d t

              = r" r (1) + r'd [r (1)]/d t + r' θ' r (1) + r θ" r (1) +r θ'd [θ (1)]/d t

            γ = (r" - rθ'²) r (1) + (2r'θ' + r θ") θ (1)
With d² (m r)/dt² - (m r) θ'² = - k/ r³; Inverse Cube Gravitational Equation     (1)

And d (m²r²θ')/d t = 0                        Kepler's law                                           (2)

With m = constant 

Then d² r/dt² - θ'²r = 0            (1)
And d (r²θ')/d t = 0                 (2)

From (2) d (r²θ')/d t = 0; r²θ' = h 

From (1), θ'² d² r/ dθ² - θ'²r = - k/ mr³  
And θ'² [d² r/ dθ² - r] = - k/ mr³   
And d² r/ dθ² - r = - (k/mh²) r

And d² r/ dθ² - r [1 - (k/mh²)] = 0

And r (θ, 0) = r (0, 0) Exp ỉ {√ [1 - (k/mh²)]} θ
From (2) d (r²θ')/d t = 0; r²θ' = h 
Then 2rr'θ' + r²θ'' = 0

Dividing by r²θ' 

We get 2 (r'/r) + (θ''/θ') = 0

And 2 (r'/r) = - θ''/θ' = 2ỉ ω t

And r = r (0, 0) Exp ỉ {√ [1 - (k/mh²)]} θ Exp ỉ ω t

And θ' = θ' (θ, 0) Exp - 2ỉ ω t 
Or r = r (0, 0) Exp ỉ [{√ [1 - (k/mh²)]} θ + ω t]
And θ' = θ' (0, 0) Exp -2ỉ [{√ [1 - (k/mh²)]} θ + ω t]
And θ' = θ' (0, 0) Exp -2ỉ [{√ [1 - (k/h²)]} θ + ω t]
And θ' = (θ' (0, 0) {cosine 2 [{√ [1 - (k/h²)]} θ + ω t] - ỉ sine 2 [{√ [1 - (k/h²)]} θ + ω t]}  
And θ' - θ' (0, 0) = - 2 θ' (0, 0) sine² [{√ [1 - (k/mh²)]} θ + ω t] 

And δ θ' = - 2 θ' (0, 0) sine² [{√ [1 - (k/mh²)]} θ + ω t] 

If k = Gm Mα; h = 2π a b/T
Then δ θ' = - 2 θ' (0, 0)] sine² [{√ [1 - (GMαT²/4π²a²b²)]} θ + ω t] 

Taking Kepler's: T²/4π²a³ = 1/GM = 1/G M
And GM = 4π²a³/ T²; GM α T² = 4π²a³ α 
And (GMαT²/4π²a²b²) = a α/b²   

Then δ θ' = - 2 θ' (0, 0) sine² [{√ (1 - a α/b²)} θ + ω t] 

If α = mb²/aM
Then δ θ' = - 2 θ' (0, 0)] sine² [{√ [1 - (m/ M)]} θ + ω t] 

If θ = 0 

Then δ θ' = - 2 θ' (0, 0) sine² ω t
And θ' (0, 0) = h/r² = 2πab/Ta² (1 - ε) ² 
                     = 2πa²√ (1 - ε²)/Ta² (1 - ε) ² = 2π√ (1 - ε²)/T (1 - ε) ²  
And δ θ' = - 4π√ (1 - ε²)/ T (1 - ε) ² sine² ω t

With ω T = arc tan v/c << 1 

Then δ θ' = - 4π√ (1 - ε²)/ T (1 - ε) ² sine² arc tan (v/c) radians per T

Or δ θ' = - 4π√ (1 - ε²)/ T (1 - ε) ² (v/c) ² radians per T

And δ θ' = - 4π√ (1 - ε²)/ T (1 - ε) ² (v/c) ² [180/π] [36526/T] [3600] arc second/100 years

Or δ θ' = - 720 [36526/T] (3600) [√ (1 - ε²)]/ T (1 - ε) ² (v/c) ² arc second/100 years

Or δ θ' = - 720 [36526/T] (3600) (1.552) (48.2/c) ² = 43.11 " arc second/100 years
Or If ω = 0 
Then δ θ' = - 2 θ' (0, 0)] sine² {√ [1 - (m/ M)]} θ  

And (m/ M) << 1 
Then δ θ' = - 2 θ' (0, 0) sine² θ  

If θ = arc tan (v/c)

Then δ θ' = - 2 θ' (0, 0) sine² arc tan (v/c)  

With θ' (0, 0) = 2π√ (1 - ε²)/T (1 - ε) ²  

Then δ θ' = - 720 [36526/T] (3600) √ (1 - ε²)/ T (1 - ε) ² (v/c) ² arc second/100 years

Or r = r (0, 0) Exp ỉ [{√ [1 - (k/mh²)]} θ + ω t]
Or r = r (0, 0) Exp ỉ [{√ [1 - (m/M)]} θ + ω t]

If m/ M << 1 

Then r ≈ r (0, 0) Exp ỉ [{[1 - (m/ 2M)]} θ + ω t]

And r ≈ r (0, 0) Exp ỉ [(θ - φ) + ω t]

With φ = m/ 2M θ
Taking θ = 2π 

Then φ = π m/ M radians 

And φ = π m/ (M) [180/π] [36526/T] [3600] arc second/100 years

Or φ = (m/ M) (180) [36526/T] [3600] arc second/100 years

        = 43.0344"/100 years
Or δ θ' = - 720 [36526/T] (3600) √ (1 - ε²)/ T (1 - ε) ² (v/c) ² arc second/100 years

            = 43.0"/100 years

Either formula works for Plant Mercury.
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