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Abstract: Traditional physical theories have been constrained histor-
ically by assumptions of "geo-metrical" diffeomorphisms, invariant symme-
tries, and topological invariance. These ideas are useful to the understand-
ing of equilibrium thermodynamic states, and processes that lead to time re-
versibility of equilibrium topological systems, and the conservation of energy.
However, the geometrical constraints offer no insight into non-equilibrium
thermodynamic systems and irreversible processes, such as observed in the
biological environment. Geometrical tensor methods are inadequate and
must be replaced by topological thinking. Emphasis must be placed upon
methods that describe continuous topological evolution, and not topological
invariance. For example, to form a categorical marriage between gravity and
quantum mechanics requires the recognition that the topological structure of
"particles" is different from the topological structure of "waves".

1 Introduction

As all physical measurements are finite, the physicist-engineer need utilize
only the two finite classes of topologies:

1. The Kolmogorov T0 topology —applicable to the study of "distinguish-
able singlet particles" —, and

2. The indiscrete Not-T0 topology - applicable to the study of "indistin-
guishable subsets called waves".

Based on the coexistence of the two finite topological types, it is possible
to define a Category Theory of Finite Topological Thermodynamics and Con-
tinuous Topological Evolution that can be used as an abstract, but universal,
foundation for understanding, among other things, scale invariance, chaos,
emergence, self-similarity, dynamical systems, irreversible non-equilibrium



processes, non-linear propagating discontinuities, and even statistical phe-
nomena of indistinguishable ingredients.

1.1 Topological Faraday Induction

The ingredients of the two finite topology types will be formulated in terms
of exterior differential 1-forms for T0 particles, and in terms of exterior dif-
ferential N-1 forms, or current-densities, for Not-T0 waves. For simplicity,
focus on those situations where the arbitrary T0 1-form is composed of 4
functional components, and their differentials, A(x, y, z, t, dx, dy, dz, dt):

A(x, y, z, t) = Ax(x
m)dx+ Ay(x

m)dy + Az(x
m)dz − φ(xm)dt (1)

The exterior differential of the 1-form, A, creates an exterior differential 2-
form, F = dA, of 6 components. It is remarkable that the 6 functional
components of F = dA can be identified with the 3 components B and the
3 components E of electromagnetic intensities. The exterior differential,
dF = ddA, creates an exterior differential 3-form of 4 components, C. If the
coeffi cient functions of A are C2 differentiable, then the constraint ddA =
0 implies that the 4 components of the 3-form C vanish. These 4 null
components are recognized as the Maxwell-Faraday Induction equations.

CurlE+ ∂B/∂t = 0, (2)

divB = 0. (3)

The method described above does not use any metrical constraints, or spe-
cial choices of coordinate systems. The key assumption is the topological
constraint,

F − dA = 0, (4)

is C2 smooth (differentiable). The method leading to Faraday induction
equations works for fluids as well as for electromagnetism. The physical
dimensions of A are action per unit charge, ~/e for electromagnetism, and
action per unit mole, ~/m for fluids.



1.2 Pfaff Topological Dimension for Particles

Any T0 1-form, A(x, y, z, t, dx, dy, dz, dt), (or Pfaffi an expression), has a
"minimal" topological representation. It is the minimal topological 1-forms,
A, that are of most interest to this essay. The minimal Pfaff Topological
Dimension, PTD(A) = M, of any 1-form, A, may be computed easily in terms
of the Grassmann algebra, the exterior differential, d, and the exterior wedge
product. The value of M was defined as the "Class" of the 1-form in the
older literature. The fundamental idea is that the topology associated with
the 1-form can be locally described by at most m functions.
The procedure to determine M starts with the construction of the Pfaff

Sequence of the given 1-form A:

Definition 1 The Pfaff Sequence of given 1-form, A, is defined as the se-
quence:

PS(A) = [A, dA, AˆdA, dAˆdA, ...] ∼= [A,F,H,K...] (5)

Definition 2 Then the number M of non-zero elements in the PS(A) defines
the Pfaff Topological Dimension of the 1-form, M = PTD(A).

For example,

1. If PS(A) = [A, 0, 0, 0, ..] then PTD(A) = M = 1 = with an
Equilibrium environment.

2. If PS(A) = [A,F, 0, 0,.....] then PTD(A) = M = 2 = with an
Isolated equilibrium environment.

3. If PS(A) = [A,F,H, 0, 0,......] then PTD(A) = M = 3 = with a
Closed non-equilibrium environment.

4. if PS(A) = [A,F,H,K,0, 0......] then PTD(A) = M = 4 = with a Open
non-equilibrium environment.

For simplicity, only those cases such that M ≤ 4 will be discussed in this
essay. The environmental systems of M ≤ 2 are deterministic, integrable
systems. The environmental systems for M > 2 are non-equilibrium, non-
integrable, non-deterministic irreversible systems. Homotopic evolutionary
processes for which M = 4 ⇒ 3 ⇒ 2 ⇒ 1 can describe continuous, causal,
topological evolution.



Note that standard set theory is constructed in terms of an algebra based
upon the concept of an intersection which is a commutative operation. In
this essay the algebra of choice is the Grassmann algebra, where the idea
of intersection is exploited in terms of the exterior product which is anti-
commutative. In contrast to most field theories which are constructed on
commutative products, and symmetries, the Grassmann algebra focuses on
anti-commutative products and anti-symmetries. The antisymmetries are
a novel topological component that lead to a topological formulation of the
First Law of Thermodynamics, valid for describing irreversible processes and
topological change (See section 2, below).
The PfaffTopological Dimension can be put into correspondence with the

concept of an "environmental" property of a thermodynamic system. If the
Pfaff Topological Dimension is less than 3, the thermodynamic system is an
integrable equilibrium system. If the Pfaff Topological Dimension is greater
that 2, then the thermodynamic system, generated by A, is not-integrable
in a deterministic, non-equilibrium sense. From a topological point of view,
the thermodynamic environments evaluated in terms of the PfaffTopological
Dimension are the key properties of interest,
Using EM language and notation, the topological method starts with

potentials (A) and deduces the closed charge-current densities (J). This
is opposite to the classical approach where it is assumed that the closed
charge-current densities lead to the potentials. Using the language and
notation of fluids, the topological method starts with potentials (A) and de-
duces the possibly open charge-current densities (C). Of particular interest
are thermodynamic systems of Pfaff Topological Dimension 4, which lead
to irreversible dissipation (energy is not conserved), and differential 3-form
current densities. The abstract Category Theory, constructed in terms of
exterior differential forms, has non-equilibrium dynamical solutions which
can be put into correspondence with numerous physical experiments in dif-
ferent disciplines, including non-equilibrium plasmas, turbulent fluids, and
even superconductors.

1.3 Kuratowski Closure

The union of the Identity operator, I, and the exterior differential, d, when
operating on C2 smooth exterior differential forms, satisfies the axioms of a



Kuratowski closure operator, Kcl,

Kcl = I ∪ d. (6)

Note that the exterior differential acts as a limit set generator. The details
of the Kuratowski T4 topology equivalent to the Kolmogorov T0 poset 3
topology is displayed in the tables that follow:

Kuratowsi Topology T4 u Kolmogorv T0, poset 3
From any 1-form in 4D: A = Ak(x

m)dxk

Pfaff Sequence= {A, F = dA, H = AˆF, K = FˆF}
Basis subsets {A, KCl(A), H, KCl(H)}= {A,A∪F,H,H∪K}

T4{Lattice Structure {X, ∅, A, H,A∪F, H∪K, A∪H, A∪H∪K, A∪F∪H}
Complete Lattice Structure

Subset LimPt(S) Int(S) Ext(S) Bnd(S) Clos(S)
∅ ∅ ∅ X ∅ ∅
A F A H∪K F A∪F
F ∅ ∅ A∪H∪K F F
H K H A∪F K H∪K
K ∅ ∅ A∪F∪H K K
A∪F F A∪F H∪K ∅ A∪F
A∪H F,K A∪H ∅ F∪K X
A∪K F A H F∪K A∪F∪K
F∪H K H A F∪K F∪H∪K
F∪K ∅ ∅ A∪H F∪K F∪K
H∪K K H∪K A∪F ∅ H∪K
A∪F∪H F,K A∪F∪H ∅ K X
F∪H∪K K H∪K A F F∪H∪K
A∪H∪K F,K A∪H∪K ∅ F X
A∪F∪K F A∪F H K A∪F∪K
X F,K X ∅ ∅ X

2 First Law of Topological Thermodynamics

Extending E. Cartan’s method (called Cartan’s magic formula by Marsden),
the "laws of motion" that describe the evolution of the T0 "particle" topolo-
gies will be generated by applying the continuous topological Lie differential
(not derivative), L(V4), to the exterior differential 1-form of Action, A, that



encodes the system thermodynamic topology:

Cartan’s magic formula L(V4)A = i(V4)dA+ d(i(V4)A)⇒ Q, (7)

L(V4)A = Q (8)

The direction field of intervals, V4 =[V1(xm), V2(xm), V3(xm), V4(xm)],
combined with the Lie differential, represents a physical process, that maps
the 1-form of action potentials, A into the 1-form of heat, Q:
If Q = 0, the topological structure generated by A subjected to a process,

V4, is an evolutionary invariant. Processes are dissipative and thermody-
namically irreversible if dQˆdQ 6= 0, such that Pfaff Topological Dimension
of Q = 4, and thermodynamically reversible if QˆdQ = 0, PTD(Q) = 2. The
direction field V4 can be a semigroup, hence the emphasis on "differential",
rather than "derivative" equations.

With a change of notation,

Work 1-form W ≡ i(V4)dA, (9)

Heat 1-form Q ≡ L(V4)A, (10)

Internal energy U ≡ i(V4)A, (11)

Cartan’s Magic formula becomes recognizable as a topological, universal,
expression of the First Law of Topological Thermodynamics —a derivation
deduced from first principles of a category theory.

The First Law of Topological Thermodynamics

: L(V4)A = i(V4)dA+ d(i(V4)A) = W + dU = Q. (12)

The 1-form of heat, Q, can also generate a topology which need not be
homeomorphic to the topology generated by A, orW . Hence Cartan’s magic
formula can describe topological change. Indeed, if PTD(Q) = 4, the Heat
1-form, Q, is irreversible. The Cartan magic formula works for equilibrium
systems (PTD < 3) and non-equilibrium systems PTD >2).
These particle aspects of continuous topological evolution have been well

documented in numerous publications over the years, starting in 1962. The
research is summarized with many, many, examples in six monographs (see
http://www.lulu.com/kiehn). Free pdf files are available by email request
(rkiehn2352@aol.com).



3 Non-Equilibrium 3-forms

3.1 Topological Torsion

When the Action 1-form for a physical system is of Pfaff dimension 4, there
exists a unique direction field, T4, defined as the Topological Torsion 4-vector,
that can be evaluated entirely in terms of those component functions of the
1-form of Action which define the physical system. To within a factor, this
direction field has the four coeffi cients of the 3-form AˆdA, with the following
properties:

Properties of the Topological Torsion vector T4
i(T4)Ω4 = i(T4)[dxˆdyˆdzˆdt] = AˆF (13)

= T xdyˆdzˆdt− T ydxˆdzˆdt+ T zdxˆdyˆdt− T tdxˆdyˆdz.,(14)

L(T4)A = σ A, (15)

W = i(T4)dA = Q = σ A, (16)

WˆdW = QˆdQ = σ2AˆdA 6= 0 A, W, Q are not integrable (17)

i(T4)W = 0, Work is always transversal (18)

i(T4)Q = 0, the Process is adiabatic when Q transversal (19)

U = i(T4)A = 0, (20)

dAˆdA = (2!) σ Ω4. (21)

Note that a T4 process is locally adiabatic, as i(T4)Q = 0.

3.2 A Physical System with Topological Torsion

The Topological Torsion vector vanishes when the Pfaff Topological Dimen-
sion of A is 2 or less. Note that the Frenet-Serret geometric torsion of a
space curve vanishes when the geometric dimension is 2 or less. It is this
analog dependence on dimension 3 or more that led to the name "Topolog-
ical Torsion" for the 3-form AˆdA. Solution uniqueness is lost when the
Topological Torsion vector is not zero. In 4D, the 3-form AˆdA = AˆF has
been defined as the Topological Torsion 3-form to emphasize the topological
properties of the concept. The Torsion current depends only on the coef-
ficient functions of the thermodynamic system (the Action 1-form) and not
upon a process. The divergence of this Torsion current is proportional to



the measure of the 4D volume, that defines the symplectic space, and can-
not be zero on the symplectic domain. The components of the Topological
Torsion vector T4 generate what is called the "subsidiary Pfaffi an system"
by Forsyth
For purposes of more rapid comprehension, consider a 1-form of Action

potential,
A(xk, dxk) = Axdx+ Aydy + Azdz − φdt, (22)

with an exterior differential, dA, and a notation that admits an electromag-
netic interpretation:

E = −∂A/∂t−∇φ (23)

B = ∇×A. (24)

The explicit format of the Electromagnetic Topological Torsion 4-vector, T4
becomes,

T4 = −[E×A+Bφ, A ◦B], (25)

AˆdA = i(T4)Ω4 = i(T4)[dxˆdyˆdzˆdt], (26)

dAˆdA = 2(E ◦B) Ω4 = KΩ4, (27)

= {∂T x4 /∂x+ ∂T y4 /∂y + ∂T z4 /∂z + ∂T t4/∂t} Ω4. (28)

When the divergence of the topological torsion vector is not zero, σ = (E ◦
B) 6= 0, and A is of Pfaff dimension 4, W is of Pfaff dimension 4, and Q is
of Pfaff dimension 4. The process generated by T4 is thermodynamically
irreversible, as

QˆdQ = L(T4)AˆL(T4)dA = σ2AˆdA 6= 0. (29)

The evolution of the volume element relative to the irreversible process de-
fined by T4 is given by the expression,

L(T4)Ω4 = i(T4)dΩ4 + d(i(T4)Ω4) (30)

= 0 + d(AˆdA) = d(AˆF ) = 2(E ◦B) Ω4. (31)

Hence, the differential volume element Ω4 is expanding or contracting de-
pending on the sign and magnitude of E ◦B, a useful fact when topological
thermodynamics is applied to cosmology. The irreversible dissipation in-
duced by a T4 process can be compared to a bulk viscosity coeffi cient in



relativistic fluids. A cosmology on 4D can have an expanding volume ele-
ment, Ω4, but with embedded 3D defect structures (the galaxies) which are
not "expanding". Note that the closure of the Topological Torsion 3-form
is the Second Poincare invariant.

d(AˆF ) = 2(E ◦B) Ω4. (32)

Second Poincare Invariant

3.3 Topological Spin

It is important to make a few comments about the concept of Topological
Spin, A^G. It is possible to define a 2-form density, G(D,H), in terms of
a constitutive map acting on the 2-form F(E,B) = dA. The homotopic
evolution of the topological spin 3-form density, A^G, has some remarkable
properties related to the First Poincare Invariant, as

d(AˆG) = FˆG− AˆJ = (B ◦H−D ◦ E)− (A ◦ J− ρφ) (33)

First Poincare Invariant

The First Poincare Invariant is null for equilibrium systems. This is to be
compared to the Second Poincare invariant defined as d(AˆF ), and which is
null for equilibrium systems, too. In EM format the null result implies that
the E and B fields in wave phenomena are orthogonal. The null result for
the first Poincare invariant implies the field energy density can be balanced
by the interaction energy density
In other words, the concept of Topological Spin, A^G, and Topological

Torsion, A^F, are properties of non-equilibrium systems of Pfaff Topolog-
ical dimension 3 or more, and are excluded from equilibrium systems of
Pfaff Topological Dimension 2 or less. However, consideration of these non-
equilibrium concepts of Topological Spin and Topological Torsion leads to
practical methods of minimizing irreversible dissipation. The recent ad-
vent of the wing tip up-down configurations on commercial jet aircraft is an
attempt to minimize d(A^F).



4 Complex wave diffusion and Not T0 topolo-
gies.

The Not-T0 topologies are not constrained by separation axioms. Some, if

not all, of the singleton subsets are indistinguishable. The claim is made
herein that such Not-T0 partitions are applicable to the understanding of
complex wave, diffusion, and, more generally, statistical systems, all of which
are composed of indistinguishable ingredients. Equations that describe con-
tinuous topological evolution of Not-T0 topologies are constructed in terms
of the continuous topological operator, the Lie Differential, acting on the
sets of exterior differential N form densities and differential N-1 form current
densities. A number of examples will be described below.
Historically, for finite systems, the properties of the metrizable T0 (often

designated as HausdorffT2), disconnected, discrete topology have been used
to construct geometric models of thermodynamic systems of distinguishable
particles in equilibrium. The subsets of the T2 topological structure imply
that the boundary of a subset boundary, ∂S, vanishes, ∂∂S = 0. However, it
is easy to demonstrate that the theorem fails for non-equilibrium systems of
distinguishable particles which utilize the non-metrizable, disconnected, T0
poset 3 topology.
Extending a suggestion of Chern, the Top set, X, of classical set theory,

will be replaced by the Top Pfaffi an, µ, which is a differential 4-form density
on a variety of 4D topological dimensions.

X ⇒ µ = ρ(xk)Ω(dxk) = ρ(xk)Ω(dxˆdyˆdzˆdt). (34)

The exterior differential of the Top Pfaffi an, µ, vanishes for smooth in-
tervals:

dµ = 0. (35)

The Lattice Structures of the Power set of X of 4 ingredients will produce
17 topologies that are not T0, and 16 topologies that are T0. All of the 17
Not-T0 topologies have indistinguishable subsets, some of which are dense,
and others which are not dense. The boundary of a boundary theorem is
true for those indistinguishable subsets that are dense, but not true for those
subsets that are not dense.



4.1 The Indiscrete Not-T0 Topology

For simplicity, attention will be focused on the simplest of the Not-T0 lat-
tice structures, the indiscrete Topology of 4 ingredients which has only two
subsets, { } and µ. In Lattice Structure notation,

LS = {{}, {X = µ}}. (36)

The Indiscrete Topology

The topology is the indiscrete, but connected, Not-T0 topology. All
subsets of the power set of X are dense and indistinguishable. The bound-
ary of the boundary theorem is true for the connected indiscrete topology,
suggestively similar to the result obtained for the discrete, disconnected, T2
topology.

Indiscrete Not-T0 of 4 ingredients
Top Pfaffi an, X = µ = {dxˆdyˆdzˆdt)
{Indiscrete Lattice Structure {∅, X}

Complete Lattice Structure
Subset LimPt(S) Int(S) Ext(S) Bnd(S) Clos(S)
∅ ∅ ∅ ∅ X ∅
dx ∅ ∅ ∅ X dyˆdzˆdt
dy ∅ ∅ ∅ X dxˆdzˆdt
dz ∅ ∅ ∅ X dxˆdyˆdt
dt ∅ ∅ ∅ X dxˆdyˆdz

dxˆdy X ∅ ∅ X X
dxˆdz X ∅ ∅ X X
dxˆdt X ∅ ∅ X X
dyˆdz X ∅ ∅ X X
dyˆdt X ∅ ∅ X X
dzˆdt X ∅ ∅ X X

dxˆdyˆdz X ∅ ∅ X X
dxˆdyˆdt X ∅ ∅ X X
dxˆdzˆdt X ∅ ∅ X X
dyˆdzˆdt X ∅ ∅ X X

X X X ∅ ∅ X



4.2 Continuous Topological Evolution of N-form den-
sities

Following the success and experience of continuous topological evolution of
the distinguishable topologies, it is presumed that the evolutionary "equa-
tions of motion" of the indiscrete topology of indistinguishable sets are de-
duced by applying the continuous topological Lie differential operator L( V4)

(relative to the process, V4) to the 4-form density, µ.
For a process, V4(x

k), assumed to be of the form,

Process : V4(x
k) = [V x(xk), V y(xk), V z(xk), V t(xk)], (37)

the application of the continuous topological Lie differential operator to Top
Pfaffi an produces the equation,

L( V4)µ = κ(xk) µ. (38)

As µ is the Top Pfaffi an, the only possible continuous topological values are
function multiples κ(xk) of µ; hence

L( V4)µ = κ(xk) µ = κ(xk) ρ(xk) Ω(dxk). (39)

Realizations of this ubiquitous partial differential system of continuous
topological evolution can be recognized as the inhomogeneous wave equation
or diffusion equation, the fractal minimal surface equation, the Klein-Gordan
equation, the Schroedinger equation, the Hopf conjugate Spinor equation,
the Landau-Ginsburg equation of superconductivity, and the Petrov black-
hole equations of relativity theory. The term in brackets, {}, represents a
generalization of the non-linear Eikonal expression, whose zero sets represent
propagating singularities and discontinuities in the Maxwell theory of electro-
magnetic waves, and the Raleigh-Taylor wavecrests so cherished by surfers,
and the von Karmon mushroom cloud singularities seen in liquid and plasma
fluids.

The function, κ(xk), is called the homogeneity coeffi cient, which can take
on values equal to zero, or greater or less than zero, κ = (0,+1,−1). If κ = 0,
then the evolution of the Top Pfaffi an is an invariant of the process. If If
κ = +1, the evolution is homogenous of degree 1, a requirement for positive
definite additivity of indistinguishable Bosons. If κ = −1,it is conjectured
that the system describes indistinguishable (Mod Spin) Fermions.



As demonstrated below, a special case of interest is when

κ(xk) = ln(ρ+ δ), (40)

and δ takes in values
δ = {0,+1,−1}. (41)

Remark 3 Does the process, L( V4), cause the differential 4-form volume
element, Ω(dxk), to expand, or contract, or remain invariant? Can the
expansion of the volume element compensate for a change in density?

4.3 Continuous Topological Evolution of the Not T0
indiscrete Topology

Using Cartan’s magic formula to define the continuous topological evolution
operator, the evolution of the Top Pfaffi an becomes:

L(V4)µ = (L(V4)ρ(xk)) Ω(dxk) + ρ(xk)(L(V4)Ω(dxk) (42)

= (V k ◦ ∂ρ/∂xk)Ω(dxk) + ρ(xk)d(i( V4)Ω(dxk)) (43)

= {Σk(V
k ◦ ∂(lnρ)/∂xk) + ∂V k/∂xk) }µ = κ µ. (44)

Note that the evolution of the differential 4-form volume element, Ω(dxk),
can be described in terms of the limit points, dC, of a current 3-form, C:

C = i( V4)Ω(dxk) (45)

= [V xˆdyˆdzˆdt− V yˆdxˆdzˆdt (46)

+V zˆdxˆdyˆdt− V tdxˆdyˆdz], (47)

L( V4)Ω(dxk) = d(C) = div4(V4)Ω(dxk) (48)

div4(V4) = Trace(J) (49)

J = [∂V m/∂xn] = Jacobian matrix (50)

It follows that the continuous topological Evolution of the Top Pfaffi an
density 4-form, µ, is governed by the equation:

L(V4)µ = {Σk(V
k ◦ ∂(lnρ)/∂xk) + div4(V4)) }µ = κ µ. (51)

Note that if the density is not zero, µ 6= /0, then the universal evolutionary
equation above has a common factor, µ, which - when removed - leads to



a partial differential system, that must vanish universally. By re-arranging
terms to emphasize the divergence component, the 2nd Fundamental Partial
Differential system becomes:
Cartan’s 2nd Fundamental Partial Differential system:

div4(V4) = κ− {Σk(V
k ◦ ∂(lnρ)/∂xk)}, (52)

It is this differential system, PDE II, that defines the Second Fundamental
Equation of indiscrete continuous topological Evolution.

4.4 The Wave Equation

For example assume that(
xk
)

= {x, y, z, s = ict} (53)

ρ = Ψ
(
xk
)
, εµc2 = 1, (54)

grad4(ρ) = [∂Ψ/∂x, ∂Ψ/∂y, ∂Ψ/∂z, (
√
εµ/i)∂Ψ/∂t] = V4(x

k) (55)

then the Fundamental Partial Differential system becomes:

div4(V4) = ∂2Ψ/∂x2 + ∂2Ψ/∂y2 + ∂2Ψ/∂z2 − εµ∂2Ψ/∂t2 (56)

div4(V4) = {κ − (1/Ψ){(∂Ψ/∂x)2 + (∂Ψ/∂y)2 + (∂Ψ/∂z)2 − εµ(∂Ψ/∂t)2}(57)

div4(V4) = k − (1/Ψ){Eikonal PDE}. (58)

This set of equations is to be recognized as the inhomogeneous wave equation
(with the non-linear quadratic PDE known as the Eikonal constraint.). If
the RHS is zero, then the result is the linear, second order, Wave equation.
The wave speed, c, is determined from the formula, εµc2 = 1.
If the RHS = MΨ then the Partial Differential System generates the

Klein-Gordan equation, with the constant M related to "mass" in the Klein-
Gordan theory.

4.5 The Diffusion Equation

Consider a possible solution to the continuous topological evolution of the
indiscrete topology generated by the Top Pfaffi an, µ, in terms the process,
V4:



V4 = [V k] = [∂Ψ/∂x, ∂Ψ/∂y, ∂Ψ/∂z,−DΨ], (59)

div4(V4) = ∂2Ψ/∂x2 + ∂2Ψ/∂y2 + ∂2Ψ/∂z2 −D∂Ψ/∂t (60)

Substitution of the example expression for div4(V4) leads to the equation,

∂2Ψ/∂x2 + ∂2Ψ/∂y2 + ∂2Ψ/∂z2 −D∂Ψ/∂t

= {κ − Σk(V
k ◦ ∂(lnρ)/∂xk)}

This equation is to be recognized as the inhomogeneous Diffusion equa-
tion, where the terms on the RHS can be interpreted as interactions, or
source terms. The solutions to the diffusion equation consists of indistin-
guishable distributions. If the diffusion coeffi cient is imaginary, D → }/i,
then the equation of continuous topological evolution has the format of the
Schroedinger equation.

4.6 The Minimal Surface equation

Consider a possible solution to the continuous topological evolution of the
indiscrete topology generated by the Top Pfaffi an, µ, in terms the process
direction field, V4/λH , where λH is a Holder norm, with arbitrary constant
coeffi cients, {a, b, c, e} and constant exponents, (p, h):

λH = [a(V x)p + b(V y)p + c(V z)p + ε(V s)p]h/p (61)

J = [(∂V4/λH)/∂xn] = Jacobian matrix (62)

div4(V4) = Trace[J] (63)

The Holder norm can be used to adjust the homogeneity properties of the
"rescaled" process direction field. The Jacobian matrix always supports
a Hamilton-Jacobi characteristic polynomial, Ch[Jac(V4/λH)] = Θ, of the
form

Θ = η4 −Mη3 +Gη2 − Aη +K = 0, (64)

where the coeffi cients {M,G,A,K} are the similarity coeffi cients, invariant
with respect to similarity transformations of the Jacobian Matrix, J.
The zero set of the characteristic polynomial, Θ = 0, defines a hypersur-

face family (with parameter, η) in the 4 dimensional space whose coordinates
are {M,G,A,K}. It is easily demonstrated (with Maple) that the similarity



coeffi cients depend upon a choice for the homogeneity index h in the Holder
Norm, λH .

Mean Curvature: M = (4− h)/λH = Trace [Jac(V4/λH)], (65)

Gauss Curvature: G = (6− 3h)/λ2H , gravitational energy (66)

Cubic Curvature: A = (4− 3h)/λ3H = Adoint[Jac(V4/λH)]Interaction energy
(67)

Quartic Curvature: K = (1− h)/λ4H = det[Jac(V4/λH)], Irreversible Dissipation.
(68)

The Hamilton-Jacobi characteristic polynomial, Θ = 0, can be interpreted
as a universal thermodynamic equation of state that describes the continuous
topological Evolution of the indiscrete topology, Not− T0.

Θ = (ηλH − 1)3 (ηλH − 1 + h) = 0. (69)

When the mean curvature vanishes, M ⇒ 0, the Hypersurface has a normal
field with zero divergence, and a homogeneity index, h = 4.
When there is no irreversible Dissipation, K ⇒ 0, and the homogeneity

index is finite, h = 1. In this situation, the universal equation of state
has three non-zero eigen values, and one zero eigenvalue, that mimics the
equation of state for a van der Walls gas.

4.7 Dissipation interaction

Assume that the volume element on space-time is proportion to the volume
element created by the differentials of the components of the process:

Ω(dV k) ⇒ ρ Ω(dxk) = det [J] dxˆdyˆdzˆdt (70)

[J] = [Jmn ] = [∂V m/∂xn], (71)

ρ = det [J]. (72)

and define Ak = grad4 ρ = grad4 (det [J]) (73)

Then the Fundamental Differential system becomes

div4(V4) = {κ − (V k ◦ Ak)/det [J]} (74)

where J = [∂V k/∂xn] = Jacobian matrix (75)

div4(V4) = Trace(J). (76)



The term (V k ◦ Ak) plays the role of an interaction dissipation coeffi cient,
which vanishes if the innerproduct is zero, (V k◦Ak) = 0. The interaction en-
ergy vanishes if either the gradient of the density distribution (determinant of
the process Jacobian) is zero, or the gradient of the density distribution (de-
terminant of the process Jacobian) is orthogonal to the process. If (V k ◦Ak)
is not zero, then a thermodynamic argument indicates that such processes
are irreversible.

4.8 The Characteristic Polynomial of Homogeneous Processes

The process direction fields can include homogeneous structures, where the
process directions are renormalized by divisors that are functions of the co-
effi cients of the process. A particularly useful divisor is given by the Holder
norm, λH :

V4 = [V k/λH ], (77)

λH = [a(V x)p + b(V y)p + c(V z)p + ε(V s)p]h/p (78)

C = i(V k/λH)dxˆdyˆdzˆdt = i(V k/λH)Ω(dxk). (79)

The coeffi cients {a, b, c, ε, p, h) are presumed to be constant. The coeffi cient,
h, is defined to be the homogeneity index In 4D, the characteristic poly-
nomial of [Jac(V4/λH)] is of 4th degree, where for (possibly complex) eigen
values, γ, the polynomial (by the Cayley Hamilton theorem) generates the
hypersurface,

Ch[Jac(V4/λH)] = γ4 −Mγ3 +Gγ2 − Aγ +K = 0, (80)

= γ4 − (4− h)γ3/λH + (6− 3h)γ2/λ2H − (4− 3h)γ/λ3H + (1− h)/λ4H .
(81)

= (γλH − 1)3 (γλH − 1 + h) = 0. (82)

For different values of the homogeneity index, h, the Holder norm, λH , creates
different homogeneity criteria. It is easily demonstrated (with Maple) that



Mean Curvature: M = (4− h)/λH = Trace [Jac(V4/λH)], (83)

Gauss Curvature: G = (6− 3h)/λ2H , (84)

Cubic Curvature: A = (4− 3h)/λ3H , (85)

Quartic Curvature: K = (1− h)/λ4H , (86)

So, as mentioned above, for h = 4, the trace of Ch[Jac(V4/λH)] vanishes and
the Mean Curvature of the hypersurface is zero. Hence the homogeneous
process is a minimal surface. The 4-divergence of the process V4/λH is then
zero, and the volume element is invariant for such all such homogeneous
processes (h=4). If the Mean curvature is not zero, then divergence of the
homogeneous process depends upon the Holder norm, λH .

L(V4)ρΩ = ρ d(i(V k/λH)Ω}+ (L(V4)ρ) Ω = (87)

where J=[∂(V m/λH)/∂xn] = Jacobian matrix of V4 (88)

{div4(V4)} = Ψ = (4− h)/λH 6= 0. (89)

is well defined for any h, and for all forms of the Holder norm. When h >
4 the 4D volume is contracting; when h < 4, the 4D volume is expanding,
due to the homogeneous process V4/λH .
Now return to the "diffusion" format,

V4 = [∂ψ/∂x, ∂ψ/∂y, ∂ψ/∂z,Dψ], ρV4 = V4/λH , (90)

λH = [a(∂ψ/∂x)p + b(∂ψ/∂y)p + c(∂ψ/∂z)p + ε(Dψ)p]h/p. (91)

Then the divergence of V4/λH then yields a modified diffusion equation:

div4(V4/λH) = (div4V4)/λH −V4 ◦ grad(λH)/(λH)2 = (4−N)/λH , (92)

= (div4V4)−V4 ◦ grad4(λH)/(λH) = (4− h)/λH , (93)

−(εD)∂ψ/∂t = ∂2ψ/∂x2 + ∂2ψ/∂y2 + ∂2ψ/∂z2 − (4− h)−V4 ◦ grad4(ln ρ).
(94)

If the Characteristic Polynomial defines a minimal surface, M = 0, for
h = 4, then the Gauss curvature is negative for any signature, indicating



the surface is unstable. The volume element is invariant, but the Minimal
Surface is unstable. Suppose that N ≤ 2; then the Gauss curvature is
positive, indicating that the Hypersurface generated by the Characteristic
polynomial is stable, but it is not a Minimal surface. However, the Volume
element is expanding.

Conjecture 4 Is the Expansion of the universe required to stabilize the Hy-
persurface generated by the Characteristic polynomial?

4.9 Ginsburg Landau Currents

With a change of notation (η ⇒ Ψ), the Universal Phase function (eq. 64)
can be solved for the determinant of the Jacobian matrix, which is equal to
the similarity invariant TK ,

TK = −{Ψ4 −XMΨ3 + YGΨ2 − ZAΨ}. (95)

The similarity invariant, TK , represents the determinant of the Jacobian ma-
trix. All determinants are in effect N-forms on the domain of independent
variables. All N-forms can be related to the exterior differential of some
(N-1)-form or current, J. Hence

dJ = TKΩ4 = (divJ+ ∂ρ/∂t)Ω4 = −(Ψ4 −XMΨ3 + YGΨ2 − ZAΨ)Ω4. (96)

For currents of the form,

[J, ρ] = [grad Ψ,−DΨ], (97)

the Universal Phase function generates the format of the universal Ginsburg
Landau equations of superconductivity:

∇2Ψ−D∂Ψ/∂t = −(Ψ4 −XMΨ3 + YGΨ2 − ZAΨ). (98)

It is also possible to construct conjugate minimal surfaces (see page187
in [?]) using the holomorphic function, Φ,

Φ = A lnρ+B + Cρ+Dρ2, (99)

which couples indistinguishable sets to Gibbs entropy, A lnρ+Cρ, and Man-
delbrot term B ±Dρ2.



5 Universal System Correlations

It is remarkable that starting from any exterior 1-form of Action, A =
Aj(x

m)dxj, it is possible to deduce a topological category of particle systems
that universally obey the First Law of thermodynamics. In addition, it is
possible to construct a 4 x 4 Jacobian correlation matrix from the functional
coeffi cients that define the 1-form of Action, A:

[Jcorrelation] = [Jjk] = [∂Aj(x
m)/∂xk] (100)

The correlation matrix (of maximal rank 4 ) can be used to define a
thermodynamic system equation of state, in terms of the Cayley-Hamilton
characteristic polynomial,

Θ(Jjk) = ξ4 −XMξ
3 + YGξ

2 − ZAξ + TK . (101)

In the above formula, the set [ξ1,ξ2,ξ3,ξ4] are the local eigenvalues of
the matrix, [Jjk], and the set [XM ,YG,ZA,TK ] define the similarity invariant
coeffi cients, when evaluated at the point {x,y,z,t}.

Linear XM = Trace[Jjk] = ξ1 + ξ2 + ξ3 + ξ4 (102)

Quadratic YG = ξ1ξ2 + ξ2ξ3 + ξ3ξ1 + ξ1ξ4 + ξ2ξ4 + ξ3ξ4 (103)

Cubic ZA = ξ1ξ2ξ3 + ξ2ξ3ξ4 + ξ3ξ1ξ4 + ξ1ξ2ξ4 (104)

Quartic TK = det[Jjk] = ξ1ξ2ξ3ξ4 (105)

The similarity coeffi cients can be related to the linear, quadratic, cubic
and quartic curvatures of the implicit surface, Θ = 0, interpreted as a para-
metric hypersurface in the 4D space of variables [XM,YG, ZA, TK].
If TK = 0, the determinant of the Jacobian correlation matrix vanishes,

hence the Pfaff Topological Dimension, PTD(A) < 4. The Cayley-Hamilton
equation for the singular correlation matrix becomes,

Singular Cayley-Hamilton polynomial = (ξ3 −XMξ
2 + YGξ − ZA)ξ = 0.

(106)
It follows that there is a single eigenvalue which is zero, and the 4th

order polynomial has a cubic factor. The cubic factor can be put into direct
correspondence with the Classic van der Waals equation of state, and by
change of notation,



ξ = ρ̃, (107)

XM ⇒ 3, (108)

YG ⇒ (8T̃ + P̃ )/3, (109)

ZA = P̃ ,

yields the expression for the scaled van der Waals gas about the critical
point. Forces and energies associated with the Linear curvature are typical
of surface tension effects. It becomes apparent that forces and energies asso-
ciated with the Cubic curvature represent the pressures of interactions. The
Gauss quadratic curvatures are dominated by temperature, with a pressure
contribution.
The Projective dimension of the correlation matrix can be determined

by the rank of the Jacobian matrix, or by the zero sets of the similarity
invariants. If only one eigenvalue is zero, then TK = 0, and there is a
projection from 4D to 3D. If in addition, ZA = 0, then two eigenvalues are
zero, and there is a projection from 4D to 2D. Recall that non-equilibrium
systems are determined by domains of Pfaff Topological Dimension equal to
3 or 4. The remarkable result, demonstrated by examples, is that there are
situations where the Pfaff dimension is 4, and the Projective dimension is
3, and other situations where the Pfaff dimension is 4, but the Projective
dimension is 2. These results are entwined with the idea that there are
correlations constructed from 1-forms with integrating factors such that the
determinant of the correlation can be made to vanish. On the other hand
their are (N-1)-forms, or currents, with integrating factors that can make the
divergence (trace of a collineation) vanish.

6 Epilogue

6.1 The conjugate extremes, discrete and indiscrete

All of the subsets of the discrete topology are disconnected and closed. The
discrete LS is metrizable, and is often associated with the Hausdorff T2
topology. For finite topologies of 4 ingredients (as used in this article) there
are 33 distinct lattice structures that generate different topologies. Sixteen
of these topologies have T0 Kolmogorov separation axioms which can be



used to distinguish singlet sets as "particles". One of these 16 is the special
discrete extremal topology mentioned above, which is metrizable. The other
15 T0 Topologies are not metrizable over the reals, but the T0 separation
axioms permit particles to be distinguished by topological processes.
Seventeen of 33 distinct topologies of 4 ingredients are Not-T0 topologies,

where some, if not all, of the singlet subsets are indistinguishable. and there-
fore not useful to particle-like topologies. One of these Not-T0 topologies
is special as it has properties that are conjugate to the geometric metriz-
able Hausdorff T2 topology. This special Not-T0 topology is the indiscrete
topology, which has only two subsets, the empty set and the top set (of 4
ingredients). All subsets are connected, indistinguishable, and dense. Only
the empty set and the top set are both open and closed.
Remarkably, the Not-T0 topologies have seen little practical application,

yet such topologies appear to appropriate for the study of ensembles of in-
distinguishable parts ( such as in topological statistics, and other complex
wavelet solutions to Boson and Fermion systems).
For example, Entropy will have two partitions, one due to distinguished

particle systems and the other due to indistinguishable ensemble systems.
But be aware: T0 topologies can not be used to faithfully represent ensemble
systems, and Not-T0 topologies cannot faithfully represent particle systems.
Particle systems are T0, wavelet systems are Not-T0. The concept of a
Category theory admits both topological partitions to be coexistent.


