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Abstract

Since publications by Oliver Heaviside in 1888-1889, it is known
that the electric and magnetic fields are relative, i.e. that these fields
depend on a choice of an observer, a choice of a reference system,
and not only on a choice of electromagnetic sources via the differ-
ential Maxwell equations. Einstein in 1905 re-derived the Heaviside
relativity transformation by applying the Lorentz-isometry group to
a system of four differential Maxwell equations. Minkowski in 1908
defined the electric and magnetic fields on a four-dimensional space-
time, as the tensorial concomitants of an observer-monad, and ex-
plains the meaning of the Lorentz-group-covariance of a concomitant
tensor field. Present textbooks interpret the Lorentz-group-covariance
of concomitant tensor differently than Minkowski in 1908. Tomislav
Ivezić in 2001 re-invented the Minkowski definition of the Lorentz-
group-covariance. Different interpretations of the group-covariance,
lead to different relativity transformations of the electric and mag-
netic fields on spacetime. The main objective of the present note is
the third possibility, implicit in [Minkowski 1908, §11.6], where a set
of all relativity transformations of all massive observers-monads, is a
groupoid category, that is not a group [Oziewicz since 2005].

Heaviside in 1888 derived the relativity of the electric and mag-
netic fields without the concept of a relativity group. The Heaviside
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relativity transformation actually could be a groupoid transformation,
and not a Lorentz-group transformation.
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To the memory of HERMANN MINKOWSKI (1864-1909)
In anniversary of 100-years of his 1908-publication

1 Notation:

basis-free four-dimensional Minkowski space

Hermann Minkowski in 1908 introduced the following terminology, a space
vector, as a synonym of the present space-like vector in a four-dimensional
Minkowski space, and a space-time vector, that presently is spelled as a vector
in a Minkowski space.

Minkowski in 1908 Presently

space vector space-like vector
space-time vector vector

4-vector

The Minkowski terminology was misinterpreted in some publications and
in some textbooks, in particular when considering observer-dependent split-
ting of a spacetime into space ⊕ time. Misinterpretation grows into ‘three-
dimensional’ and ‘four-dimensional’ quantities, ‘3-dimensional vector’, 3-space
vectors, ‘3D’ versus ‘4D’ quantities, ‘4-vectors’, ‘four-tensors’, etc. (e.g.
Rindler 1969, §5.4 Four-vector, §5.10 Three-Force and Four-Force; Landau
& Lifshitz 1975, §6. Four-vectors).

Spacetime splitting does not means that then appears some strange ‘3-
dimensional quantities’. We stress that throughout the present paper, as
Minkowski in 1908, we use exclusively the four-dimensional space-time man-
ifold only. In all expressions, a boldface electric field E, and a boldface
magnetic field B, denote the ‘contravariant’ vector fields (the derivations)
on a four-dimensional spacetime manifold. All tensor fields, scalar fields,
vector fields, bivector fields, all differential multiforms, etc., are the tensor
fields on four-dimensional spacetime manifold only. The boldface notation is
distinguishing multivector fields (‘contravariant’), from the ‘covariant’ dif-
ferential forms denoted by not boldface letters. Thus, F denotes a bivector
field, whereas F denotes a differential biform. As exception from this rule, a
massive observer-monad, as a time-like vector field, or as a Pfaff differential



4 Zbigniew Oziewicz

one-form, by abuse of notation, here is denoted by not boldface roman, like,
P, for an observer Paul, and, R, for an observer Rose.

Some readers would prefer an explanation in terms of mathematical bases
as more clear. When a nowhere vanishing vector field, E 6= 0 (a deriva-
tion) is chosen to be a part of a mathematical basis, say, if a basis is,
{e0,E, e2, e3}, then, this vector field in such basis has exactly only one non
vanishing scalar component, i.e.E ' (0, 1, 0, 0). Each non-zero vector field on
a four-dimensional spacetime possesses a set of three non-integrable adopted
(associated) differential one-forms annihilating this vector field. Each non-
zero electric vector field, E 6= 0, in such adopted cobasis (coframe), has only
one non-zero scalar component. For example, let be the differential one-
forms, α1 ∧ α2 ∧ α3 6= 0, such that, α1E = 0, α2E = 0, and α3E = 0. In
a co-frame basis, α1 ∧ α2 ∧ α3 ∧ α4 6= 0, the vector field E possesses only
one non-vanishing scalar component, α4E 6= 0. Does in this basis-dependent
meaning this vector field E on spacetime, is to be ‘1D’ or ‘3D’ quantity?

Phrases ‘3D E and B’, as well as ‘three-dimensions’, could be under-
stand in several different and misleading ways: as ‘time-independent’ tensors
on spacetime (i.e. tensors with one Lie-symmetry), or as tensors on three-
dimensional sub-manifold, or as a basis dependent concept that in a specific
(badly chosen) mathematical basis, these ‘3D’ quantities have exactly three
non-vanishing scalar components (or never more than three non-vanishing
scalar components?), or maybe this distinction is made with respect to the
different actions of the Lorentz group, or with respect to the different con-
cepts of the Lorentz-covariance? In the present paper we do not need ‘3D’,
‘3-dimensional vector’ and no ‘4-vectors’, ‘4-velocities’, - misleading termi-
nology. We do not accept the distinction ‘3D’ from ‘4D quantities’, because
if ‘4’ means a dimension of a spacetime, then all tensor fields on spacetime
(time-dependent), in the present paper, and in all textbooks, F and E etc.,
are always ‘4D’.

For each reference frame, Paul P, and Rose R, the concomitant-compound
electric and magnetic vector fields, E(Paul),B(Paul),E(Rose),B(Rose), are
defined by Minkowski in 1908, see Section 7 below. In a generic basis of four
independent vector fields (or in not adopted co-frame), each of these vector
fields possesses four non-zero scalar components, never more than four. A
differential one-form of an electric field, E(F, Paul), is a tensor field on exactly
the same manifold on which the differential bi-form F, and an observer-
monad field Paul, are living. Of course, this concomitant differential one-form
of the compound electric field, Paul-dependent electric field, E(F, Paul), has
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a time-like vector field P in his kernel, {E(F, Paul)}P ≡ 0, [Minkowski 1908
§11.6, equation (49)]. Hence, whenever a vector field P is chosen to be a basis
vector field, then in such mathematical bases the electric field possesses no
more than three no vanishing scalar components. The last objective of the
present note is to advocate a basis-free and coordinate-free approach, and
therefore, the basis-dependent classification into ‘4D’, ‘3D’, ‘2D’ and ‘1D’
physical quantities, is totally irrelevant for mathematics and for physics.

2 Oliver Heaviside in 1888-1889

Consider two reference systems, Paul P, and Rose R, identified, following
Minkowski in 1908, with time-like vector fields on four-dimensional Lorentzian
space-time. Let u be a space-like velocity of Rose relative to Paul, u ·P = 0,
[Minkowski 1908, §11.6, equation (46)].

The space-like electric and magnetic fields (time dependent) as measured
by Paul are denoted respectively by, E(P ), and B(P ). Analogously, we denote
the electric and magnetic fields as measured by Rose, by E(R), and B(R),
where,

P · E(P ) = 0 = P ·B(P ), and R · E(R) = 0 = R ·B(R). (2.1)

We are assuming that all these electric and magnetic fields are due to
the same electromagnetic sources given by some system of electric charge-
spin- and current-densities. Because u 6= 0, therefore the velocities of the
electromagnetic sources relative to these given observers, are different. The
question is: how these electric and magnetic fields, that are due to the same
sources, but are measured by two different observers in relative motion, how
they are related? Heaviside deduced that these fields as measured by two
different observers are related as follows, [Heaviside 1888, 1889; Thomson
1889], (u

c

)2

= 1− 1

γ2
, γ ≡ 1√

1− u2/c2
,

E(R) = γ
{
E(P ) +

u

c
×B(P )

}
,

B(R) = γ
{
B(P )− u

c
× E(P )

}
.

(2.2)

A scalar factor γ in (2.2), was introduced by Heaviside. The scalar magnitude
of the light velocity in vacuo is denoted by c.
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In (2.2), P · E(R) = 0 = P ·B(R), therefore

E(P ) ∧B(P ) ∧ E(R) ∧B(R) = 0. (2.3)

In (2.2)-(2.3) all vector fields are on a four -dimensional spacetime man-
ifold: in order to satisfy the differential Maxwell equations, the time-depen-
dence must be allowed. What is left to explain in the Heaviside relativity
transformation (2.2), is the meaning of the orientation-dependent Gibbs-like
cross product of vectors, ×, in dimension four. This needs the Grassmann
product, and the Hodge-star isomorphism, which, in spite of its name, was
first invented also by Grassmann in 1862. The Gibbs-like cross of vectors in
spacetime we define in Section 6.

Heaviside transformation (2.2) tells that electric and magnetic fields are
relative, that they depend not only on electromagnetic sources, via the Maxwell
differential equations, but that they depend also on the choice of a reference
system. This was the first step into relativity theory of the electromagnetism
of the moving system of electric charge-density, Q(P ) and Q(R), and mag-
netic spin- and current- densities, J(P ) and J(R),

Q(R) = γ
{

Q(P ) +
u

c
· J(P )

}
. (2.4)

The same relativity transformation (2.2), has been re-derived seventeen
years later on, by Albert Einstein in 1905, applying the Lorentz isometry
group to a system of four differential Maxwell equations. Landau and Lifshitz
re-derived (2.2) without Maxwell equations, [Landau and Lifshitz 1975, §24].
Whereas Hamdan re-deduced (2.2) using Maxwell equations as Einstein did,
[Hamdan 2006]. In 1888, there was not yet a concept of an isometry in
spacetime, and no concept of a relativity group. Therefore, it is intriguing
how, without the concept of the Lorentz group, how Heaviside derived the
relativity of the electric and magnetic fields (2.2)?

3 Interpretation by Jammer in 1961

Consider two-dimensional spacetime with metric tensor in a coordinate sys-
tem {x, t},

g = −dct⊗ dct + dx⊗ dx, ∂x · ∂x ≡ g(∂x ⊗ ∂x) = 1. (3.1)
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Then, the d’Alembert-Laplace operator on scalar fields has the following
coordinate form

4g = div ◦ gradg = −
(

∂

∂ct

)2

+

(
∂

∂x

)2

. (3.2)

Jammer in his monograph [1961, Chapter XI], interpret the Heaviside
deduction of the relative-velocity dependence of the electric and magnetic
fields, (2.2), as the change of the coordinate chart (or the coordinate frame),
that transform the d’Alembert wave differential equation on spacetime (3.2),
into the ‘simple’ Poisson equation ‘in the space’. Weitzenböck in 1923 re-
alized that the d’Alembert-Laplace-Beltrami wave differential operator is
basis=frame-free and coordinate-free. The d’Alembert and Poisson differ-
ential equations are coordinate-free, therefore it is intriguing, how a change
of coordinates could transform one differential operator into another? How
a spacetime could be transformed into a space?

The objective of this section is to show that the coordinate transfor-
mations are irrelevant for the d’Alembert differential operator. Let change
coordinates in (3.1)-(3.2), from {x, t}, to {x − ut, t}, where u is a constant
relative velocity.

Each partial derivative, like ∂x, is a vector field (a derivation of scalar
fields), and as a partial derivative it is not given uniquely by a given scalar
field x. The notation ∂x is misleading, because the vector field ∂x depends
on a choice of a coordinate system, depends on a choice of an integral of the
motion, a scalar field t, for ∂x, and this information is missing in notation
∂x. Textbooks of thermodynamics use a better notation, for example,

(∂T )P 6= (∂T )V . (3.3)

When writing ∂x, it is most important a choice of a coordinate chart to which
a scalar field x belongs, for example, x ∈ {x, t}. Two charts, {x, t} and {x−
ut, t}, are different sets. There is no problem with a scalar field x, because,
x ∈ {x, t}, and clearly x 6∈ {x− ut, t}. A scalar field, t ∈ {x, t} ∩ {x− ut, t}.
Hence, t ∈ {x, t} is not exactly the same information as, t ∈ {x − ut, t}.
Therefore, the vector field, ∂t, needs a coordinate chart, t belongs to. We
chose the following notational convention for two different vector fields,

A vector field ∂t in a chart {x, t}, is denoted by (∂t)x,

and then, ∂tx ≡ 0. (3.4)
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A vector field ∂t in a chart {x− ut, t}, is denoted by (∂t)x−ut,

and then, ∂tx ≡ u. (3.5)

(∂t)x 6= (∂t)x−ut,
∂

∂x
=

∂

∂(x− ut)
,(

∂

∂ct

)
x

=

(
∂

∂ct

)
x−ut

− u

c

∂

∂(x− ut)
. (3.6)

In each equality in (3.6), the left hand side is a vector field expressed in
the coordinate chart {x, t}, whereas, on the right-hand-side, is the same
vector field, but in the coordinate chart {x− ut, t}. This is showing that the
vector field is coordinate-free, however coordinate-presentation is obviously
coordinate-dependent. Equations (3.6) express the SL-transformation of the
coordinate-basis.

The d’Alembert operator (3.2), is coordinate-free, it is the same intrinsic
differential operator independently of the choice of the coordinate system,
however is presented differently in each another chart. Inserting (3.6) into
(3.2), we arrive to the following expression for the d’Alembert operator in
the coordinate chart {x− ut, t},

γ−2 ≡
{

1−
(u

c

)2
}

,

4g = −
(

∂

∂ct

)2

x−ut

+ γ−2

(
∂

∂(x− ut)

)2

+ 2

(
∂

∂ct

)
x−ut

∂

∂(x− ut)
. (3.7)

This result contradicts with reported by Jammer, that the d’Alembert equa-
tion (3.2), after the change of coordinates, {x, t} −→ {x− ut, t}, will trans-
form into the ‘simple Poisson operator’ [Jammer 1961, Chapter XI, equations
(2)-(3)].

4 Hajra & Gosh:

Lie-symmetry of electromagnetic potential

4.1 Definition (Two observers-monads (Minkowski 1908 §11.6, equation
(46))). Let us consider two reference systems, Paul P, and Rose R = Rµ∂µ,
identified, following Minkowski in 1908, with the coordinate-free time like
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normalized vector fields. Let, moreover, u ' u∂x, be a space-like velocity of
Rose relative to Paul, i.e. a relative velocity as measured by Paul, u · P = 0.
Two observers-monads are as follows,

Rose ≡ γ
{

P +
u

c

}
, Paul = ∂ct,

=⇒ P 2 = R 2 = −1, P ·R = − γ, (4.1)

The Minkowski observer denoted by a letter ‘w’ in Minkowski’s equation (46),
we denote here by Rose R. This pair of coordinate-free observers-monads, P
and R, is equation (8a) in [Hamdan 2006]. The Lie derivative along a vector
field R is denoted by LR.

Let F = dA be an exact differential bi-form of an electromagnetic field
as introduced by Minkowski in 1908, and A = Aµdxµ, be an electromag-
netic potential given not uniquely by differential one-form, up to a gauge
transformation [Jackson 2002].

Sankar Hajra with Ghosh, remind very important pre-history of relativity
theory as developed by Heaviside and independently by J. J. Thomson (Lord
Kelvin), [Heaviside 1888, 1889; Thomson 1889; Hajra & Ghosh 2000, 2005].
The Heaviside relativity transformation, (2.2), is re-derived by Hajra and
Ghosh [2005, formulas (32) on page 66]. Whereas in their Abstract, Hajra
and Ghosh, repeat the Jammer interpretation, that merely a change of the
coordinates does the job, however, when deriving the Poisson equation [Hajra
& Ghosh 2005, expression (14)], from d’Alembert’s operator [Hajra & Ghosh
2005, (5)], no change of coordinates is made. In order to get the Poisson
equation (14), Hajra & Ghosh use the following Lie-symmetry condition on
electromagnetic potential, [Hajra & Ghosh 2005, formulas (11-12)],

LRA = 0 ⇐⇒
{

∂

∂ct
+

u

c

∂

∂x

}
Aµ = 0. (4.2)

The Hajra & Ghosh Lie-symmetry condition (4.2), tells that the Lie
derivative of the electromagnetic potential, A = Aµdxµ, along the time-like
vector field, R = Rµ∂µ, vanishes, LRA = 0. This means, that the electro-
magnetic potential A is constant in the direction of this time-like vector-field
R.

If we require, as Hajra & Ghosh did, that we look only for the special
solutions of the d’Alembert wave differential equation, such solutions that
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are constant (Lie-symmetric) in a given time-like direction, then the system
of the two differential equations, the d’Alembert operator (3.2), and the Lie
symmetry condition (4.2), this system implies the ‘simple’ Poisson’s equation
on four-dimensional spacetime,

LP A = 0 =⇒

{
−

(
∂

∂ct

)2

+

(
∂

∂x

)2
}

A =

(
∂

∂x

)2

A,

LRA = 0 =⇒

{
−

(
∂

∂ct

)2

+

(
∂

∂x

)2
}

A = γ−2

(
∂

∂x

)2

A.

(4.3)

The wave differential operator (3.2), a vector field (a derivation), a Lie
symmetry, all are coordinate-free. Therefore the Hajra & Ghosh Lie-symmetry
(4.2), could leads to the coordinate-free and basis-free re-understanding of
the Heaviside derivation of relativity transformation (2.2).

4.2 Side remark (about coordinate charts). We propose to postulate the
Hajra & Ghosh Lie-symmetry condition (4.2) as an axiom that relate elec-
tromagnetic potential A, to the reference system represented by a time-like
vector field. Hajra & Ghosh, instead, consider the symmetry condition (4.2)
as the consequence of the assumption that, dx = u dt [Hajra & Ghosh 2005,
page 64]. The coordinate chart {x, t} means that x and t are functionally
independent, and this is the case if and only if the volume differential form
never vanishes, dx ∧ dt 6= 0. If, dx = u dt, then, dx ∧ dt = u dt ∧ dt = 0,
and {x, t} is not a coordinate chart anymore, because x and t are dependent
variables-scalar-fields.

The Hajra & Ghosh Lie-symmetry condition (4.2), supposed to be implic-
itly by Heaviside (electromagnetic potential must be seen by each observer
to be the same), do not need derivation, and could be postulated. The
d’Alembert wave equation for the potential, (3.2) [Hajra & Ghosh 2005,
equations (5-6)], together with observer-dependent Lie-symmetry condition
(4.2) [Hajra & Ghosh 2005, (11-12)], gives the Poisson equation on four-
dimensional spacetime, [Hajra & Ghosh 2005 (14)], and this do not needs
the transformation of coordinates, (3.6), as it is suggested by Jammer [1961].

4.3 Clarification (The Heaviside ellipsoid). The Heaviside ellipsoid [Heav-
iside 1889] is given by a surface

r ≡
√

x2 + y2 + z2 =
√

(γx′)2 + y′ 2 + z′ 2 = const. (4.4)
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Here a chart {x, y, z} is a frame of reference of the electron (in a rest), and
{x′, y′, z′} is a primed observer. The Heaviside ellipsoid follows from the
momentary position measurements due to the Lorentz contraction, x′ = 1

γ
x,

[Sommerfeld 1948, 1964, §28.C, page 240: The intrinsic field of an electron
in uniform motion].

5 Observer:

physical massive reference system

5.1 Einstein in 1905: an observer is a coordinate-basis
= tetrad

Each measurement needs a choice of a massive observer, [Brillouin 1970].
What is a precise mathematical model of a physical massive reference system?
Einstein in 1905 consider that a physical massive reference system can, and
must be, identified with a mathematical coordinate-basis in a spacetime, an
observer = {dxµ}. Such observer is known also as a (holonomic, integrable)
frame, or as a (holonomic) tetrad. Whereas all tensor fields are basis-free,
i.e. observer-free within identification of an observer with a basis, there-
fore, every tensor field is absolute (not relative) within the observers-bases.
When an observer is a basis, then, the physical meaningful (experimentally
measurable) are scalar components of absolute-tensors, relative to a cho-
sen coordinate-basis-observer. This is because these scalar components of
absolute-tensors are observer-dependent, being dependent on the choice of
an observer-basis.

Each observer-frame-tetrad, {dxµ}, (not necessarily holonomic), define
unique Lorentz metric tensor g, such that relative to g, this observer-frame is
a Lorentz orthogonal basis. Then, the Lorentz isometry group is defined
as a group permuting the orthogonal observer-bases, leaving the derived
Lorentz metric-tensor invariant. The Lorentz-covariance, then, is identified
with the transformation of scalar components with respect to the change of
the observers-frames. The transformation of observer-frames and of scalar
components, is considered to be the only relativity transformations. All quan-
tities that are basis-free are considered to be absolute = Lorentz-invariant.

A transformation is said to be a ‘passive’, if a domain of transformation is
a non-linear manifold of all bases of a vector space. A ’passive’ means the ac-
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tive action on the coordinate-basis, but not on individual absolute-vectors.
Some Authors claim that the tensor fields (like for example a differential
biform of an electromagnetic field F ), are invariant with respect to the pas-
sive Lorentz transformations. This claim is incorrect, because every tensor
field is basis-free and coordinate-free, and can be presented in arbitrary non-
orthogonal basis, not necessarily in Lorentz-basis. Therefore, in fact, each
tensor is invariant relative to the ‘passive’ general linear group, GL-group,
acting on the basis.

Of course, every tensor is GL-covariant, and also Lorentz-covariant, rel-
ative to the GL and Lorentz transformations acting on individual vectors
(and not on bases).

5.2 Minkowski in 1908: observer = monad

An objection against the Einstein identification of a physical reference sys-
tem with a mathematical coordinate-basis, is that neither coordinates nor
bases do not need necessarily a physical concept of a massive body [Brillouin
1970]. An alternative point of view, different from Einstein’s in 1905, is the
axiom that the Physics (observers, measurements, etc) is coordinate-free,
and basis-free. Because several physical concepts are observer-dependent,
like an electric field, hence an observer, within this axiom, can not be iden-
tified with a mathematical basis.

If the physics is coordinate-free and basis-free, then, following to Minko-
wski in 1908, a physical reference system is identified with a time-like vector
field in a space-time, known also as a monad, and abbreviated in the present
note as an observer-monad, or as an observer-vector. Within this view the
mathematical bases are irrelevant for physics. Clearly, a time-like vector field,
can not describe a massless radiation, and therefore is related to some non-
zero mass. The monad-observers were re-invented independently by Eckart
in 1940, Ehlers in 1961, and by Abraham Zel’manov (1913-1987) in his Ph
Doctoral Dissertation in 1944, and in his publication in 1976. The Minko-
wski first invention in 1908 goes to oblivion. For discussion of the Einstein’s
tetrad, versus Minkowski’s monad, we refer to [Mitskievich 2006, Chapter 2].

5.3 Heaviside in 1888: observer-monad?

One can try to interpret the Hajra & Ghosh Lie-symmetry condition, (4.2),
that Heaviside actually did not identify the physical reference systems nec-
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essarily with the coordinate frames (as did Einstein explicitly in 1905), but,
implicitly, identified a massive physical reference system with a mathematical
observer-monad, Definition 4.1.

The Lie symmetry condition (4.2), that an electromagnetic potential A
depends on a choice of a time-like direction, means, then, that A depends
on the choice of an observer. An electromagnetic potential depends not only
on electromagnetic sources, but depends also on the choice of an observer-
monad! This Lie-differential observer-dependence is different from the dis-
tinct interpretations of the Lorentz-covariance (9.1)-(9.2)-(9.3), and (10.4)-
(10.7), below.

6 Cross product of vectors in spacetime

The Gibbs cross product of vectors, ×, needs the Hodge-star isomorphisms, or
‘duality’ in some textbooks. One Hodge-star acting on Grassmann’s multi-
vectors, and another Hodge-star acting on Grassmann multi-forms. The
Hodge star ?, in spite of its name, was first invented by Hermann Grass-
mann under the name Ergänzung, and denoted originally by the vertical
dash ‘|’, [Grassmann 1862, Chapter 3, §4-5]. The present star-notation, ‘?’,
introduced Hermann Weyl in 1943. The Hodge-star isomorphism is a tenso-
rial concomitant of the metric tensor-field g, (3.1), and depends on the choice
of an orientation, e.g. [‘duality’ in Misner, Thorne & Wheeler 1973, §3.5; Ko-
cik’s WEB page; Oziewicz 1994; Cruz & Oziewicz 2003]. Therefore the cross
product of vectors always gives an orientation-dependent pseudo-vector.

In dimension three, the ‘binary’ cross product of vectors, ~u×~v = ?(~u∧~v),
was invented by Clifford, and was popularized by Heaviside in his monograph
Electromagnetic Theory [1893], and by Gibbs in his Vector Analysis [1901],
However, Maxwell differential equations needs physical intensive and exten-
sive vector fields on four-dimensional spacetime, and spacetime was ‘not
known’ explicitly before Minkowski in 1908. Therefore the Clifford-Gibbs
cross product in dimension three, is totally irrelevant for electromagnetism,
have nothing to do with the matter subject of electric and magnetic fields,
and darken ideas. The electromagnetic laws, the four Maxwell’s differential
equations, Lorentz’s ponderomotive force, and Heaviside’s relativity transfor-
mation of electric and magnetic fields, with Gibbs cross in three dimensions,
become thoughtlessness mechanical set of strange formulas and this is mortal
for the spirit of electromagnetism. The Heaviside relativity transformation of
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electric and magnetic fields (2.1), the Lorentz ponderomotive force, need cross
product of vectors in a four-dimensional spacetime. The multiary general-
ization of cross product in arbitrary dimension was considered by Eckmann
in 1942. Plebański with Przanowski in 1988 defined the binary cross prod-
uct of vectors in arbitrary dimension, in terms of augmented quaternion-like
algebra of para-vectors. However both these attempts we consider to be not
satisfactory because, among other, the orientation-dependence is either lost
or it is not explicit.

6.1 Definition (Cross in spacetime). Let A,B and C, be the vector fields
on four-dimensional space-time. The Gibbs-like ‘binary’ cross product, ×C,
of vector fields, A and B, is orientation-dependent, and C-dependent, and is
defined in terms of the Hodge star map as follows,

A×C B ≡ ?(A ∧C ∧B) = −B×C A. (6.1)

Hence, the cross product of vectors in dimension four, is a ternary op-
eration, and not binary. The same definition (6.1) applies for the covariant
differential one-forms. In a four-dimensional spacetime, the binary cross
×C depends on a choice of an auxiliary vector field C. This vector-field-
dependence of the binary-cross in a spacetime, of crucial importance for
understanding, is either not realized or thoughtlessly suppressed, when pre-
senting the Lorentz transformations of the electric and magnetic fields, and
when presenting the Lorentz ponderomotive force as a tensorial concomitant
of the electromagnetic field and electromagnetic spin-charge density.

7 Minkowski in 1908: electric and magnetic

fields are concomitants

A differential biform of the electromagnetic field, F = dA, (or a bivector
field, F = grad A), are often called the ‘Faraday tensors’, however they were
introduced in 1908 by Minkowski (1864-1909), and not by Michael Faraday
(1791-1867).

Following Minkowski [1908], the electric and magnetic fields are coordi-
nate-free, and basis-free, however, they are observer-dependent, as was shown
first by Heaviside (2.2). It is convenient to consider the electric and magnetic
fields also as the differential one-forms on four-dimensional spacetime, de-
noted by not boldface letters, E and B, instead of the corresponding vector
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fields, E and B. Then, one can use an exact differential biform, dA, instead
of a bivector field, grad A, etc. The Minkowski definition of a magnetic
pseudo-field B needs the Hodge-star isomorphism ? acting on Grassmann’s
multiforms.

7.1 Definition (Minkowski 1908, Part II: Electromagnetic Phenomena, §11.6).
Consider an observer Paul given by a time-like vector field P, or as a time-like
differential one-form denoted by the same symbol by abuse of notation, on
a four-dimensional spacetime, e.g. Definition 4.1. Let F ≡ dA, be an exact
differential biform on spacetime, however we are not forced to consider an
electromagnetic potential differential one-form A, a connection, as a primary
concept, as it is in [Hajra & Ghosh 2005; Field 2006]. Minkowski defined
the differential one-forms of the electric and magnetic fields as the following
observer-dependent concomitants,

E(F, Paul) ≡ P · F = LP A− dΦ, Φ ≡ P · A,

B(F, Paul) ≡ ?(P ∧ F ) = P · (?F ) = curlP A ' ∇×P A.
(7.1)

Hajra & Ghosh in [2005, (21)], chose another sign convention for an elec-
tric field. The electric and magnetic fields are concomitant of two variables,
they are F -dependent (depends on electromagnetic sources via Maxwell equa-
tions), and they are observer-dependent (depends on Paul- or Rose- reference
system-monad). In particular, (?F )2 ' −F 2, and

E2 = (P · F )2 = P 2F 2 − (P ∧ F )2,

B2 = (P · ?F )2 = P 2(?F )2 − {?(P · F )}2.
(7.2)

In the textbooks presentations of the four Maxwell differential equa-
tions, a reference system-monad is implicit. The explicit observer-monad-
dependence is given in (Minkowski 1908; Kocik 1997; Cruz Guzman & Ozie-
wicz 2003).

8 The heart of this note

Let u be a space-like velocity of Rose relative to Paul, i.e. a relative velocity
as measured by a time-like Paul, u ·P = 0. The question is: how many there
are different logical reasoning that leads from the Minkowski definition of
the concomitant electric and magnetic fields (7.1), to the Heaviside relativity
transformation of electric and magnetic fields, (2.2)?
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9 Einstein in 1905: relativity transformation

is an isometry

9.1 Definition (The special relativity. Schrödinger 1931; Bergmann 1942,
page 159; Bargmann 1957, p. 161). The special relativity is defined by pos-
tulating that each pair of the physical inertial massive reference systems is
connected by an inhomogeneous isometric Lorentz transformation.

The Lorentz group transformation is in fact equivalent to the reciprocity
‘principle’, that a velocity of R relative to an observer P, vP,R, satisfy the
condition, vP,R = −vR,P . One can assume the reciprocity of relative velocity,
and deduce the Lorentz group transformations, see, for example (Silagadze
2008).

The Lorentz isometry group one can define either as

• acting on observers-frames-tetrads with Lorentz ‘passive’ action on
scalar components [Einstein 1905], for postulated absolute-vectors.

• or, as acting on individual covariant-vectors in Minkowski spacetime
(when a basis is physically meaningless), with a Lorentz ‘active’-action
on the Lorentz-covariant tensor fields.

The Lorentz-covariant electromagnetic field F, together with strangely
absolute observer-monad Paul in Minkowski’s Definition (7.1), leads to the
following textbooks relativity transformation of the electric & magnetic fields,

F
Lorentz-boost−−−−−−−−−−−→ F J = L ◦ F ◦ L∗, (9.1)

E(F, Paul)
B(F, Paul)

}
Lorentz-boost−−−−−−−−−−−→

{
EJ ≡ E(F J , Paul)
BJ ≡ B(F J , Paul)

, (9.2)

EJ ≡ E(F J) = γ
{
E(F ) +

u

c
×P B(F )

}
− γ2

γ + 1

{u

c
· E(F )

} u

c
,

BJ ≡ B(F J) = γ
{
B(F )− u

c
×P E(F )

}
− γ2

γ + 1

{u

c
·B(F )

} u

c
,

(9.3)

P · E = 0 = P ·B, and P · EJ = 0 = P ·BJ , (9.4)(
EJ

)2 −
(
BJ

)2
= E2 −B2. (9.5)

In (9.3) the Gibbs-like cross product of vector fields, ×P , is in four-
dimension and it is observer-dependent, Paul-dependent. Transformation
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(9.2)-(9.3) formally coincide with given by special relativity within observers-
tetrads, [Bergmann 1942, 1976; Fock 1955, 1961 §24, formulas 24.37-24.38
on page 102; Jackson 1962, . . . , 1999, formula (11.149); Ingarden and Jami-
olkowski 1979, 1985 §18.2; Dvoeglazov & Quintanar González 2006]. This is
why in (9.1)-(9.5), a superscript ‘J’ is for Jackson.

Note an identity

u

c
×P

{u

c
×P E

}
=

(
1− 1

γ2

)
E−

{u

c
· E

} u

c
,

u

c
×P

{u

c
×P B

}
=

(
1− 1

γ2

)
B−

{u

c
·B

} u

c
.

(9.6)

John Field in 2006, consider moved charge, derived another scalar factor
at, u · E,

B(static charge) ≡ 0,

E(moving charge) = γ E(static charge)− γ
{u

c
· E

} u

c
.

(9.7)

Coordinate-free special relativity with the Lorentz-boost transformation,
L = L(u/c), of a Lorentz-covariant electromagnetic field, (9.1), (Minkowski
1908, §11.6), but with a fixed absolute observer-monad Paul, is meaningless
mathematically. No such group-covariance is logically allowed. ‘Lorentz-
covariance’ (9.2)-(9.3), with an absolute observer-monad, in fact is Lorentz-
not-covariance.

Within observer-monad approach it is hard to interpret the physics of
(9.2)-(9.5). How to interpret a space-like velocity u/c, if a photon field F
is massless, and there is only one fixed absolute massive observer-monad?
Maybe one can try to interpret a fixed observer-monad, with ‘Lorentz-covar-
iance’, F 7−→ F J(u/c), the transformation (9.3), as a mutual motion of two
massive electromagnetic sources? Within observer-monad, transformation
(9.3) is meaningful if the Lorentz-group-covariance is abandoned.

The Heaviside relativity transformation (2.2) formally coincide with Lorentz-
not-covariance (9.3) (criticized rightly by Ivezić since 2001), and coincide with
the prediction of groupoid kinematics, see below Theorem 11.3, if a spacelike
relative velocity u is orthogonal in spacetime to the electric and magnetic
vector fields,

if, u · E(F ) = 0 = u ·B(F )

=⇒ u · E(F J) = 0 = u ·B(F J).
(9.8)
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There could be only formal coincidence of the Heaviside transformation (2.2),
with the strange Lorentz boost (9.2)-(9.3), because the actual derivation by
Heaviside (and by Thomson) need not to be necessarily due to an isometry,
compare with (Hajra & Ghosh 2005) and with (Field 2006).

10 Minkowski in 1908, and Ivezić since 2001:

Lorentz covariance

Hermann Minkowski in the most important Part II Electromagnetic Phe-
nomena [Minkowski 1908, §11.6, after expression (44)], explains what means
the Lorentz-covariance of a concomitant vector field, like (7.1), on a four-
dimensional spacetime manifold, (F∗)α ≡ F ◦ eα ≡ α ·F ≡ iαF, where F is a
bi-vector field, and α is a differential Pfaff one-form (all tensor fields are on
spacetime).

We repeat the Minkowski text in our denotation. Let L ∈ GL, and this
means that L is an invertible endomorphism. The L-covariance, according
to Minkowski, means the following set of transformations,

iαF 7−→ L(iαF),

α 7−→ L∗−1α,

F 7−→ L∧ F.

(10.1)

(F∗)α ≡ iαF
Lorentz-transformation−−−−−−−−−−−−−→ L(iαF)

= iL∗−1α{L∧F} = (L∧F)∗(L
∗−1α)

= (L ◦ F∗ ◦ L∗) ◦ (L∗−1α), (10.2)

(F∗)α 7−→ {(F∗)α}′ ≡ L((F∗)α) = (F ′
∗) α ′. (10.3)

This is, up to notation, the Minkowski definition of GL-covariance [Min-
kowski 1908, §11.6, after expressions (44)]. Minkowski is considering only
Lorentz-covariance (and a denotation A for our L∗−1), however, the very con-
cept of a group-covariance is exactly the same for the general linear group
GL, as well as for any subgroup of GL, for example for the Lorentz-isometry
subgroup, Og ⊂ GL, O(3, 1) ⊂ GL(4).

The postulate of the Lorentz-covariance, and the meaning of the Lorentz-
covariance of the concomitant tensor fields, the fields, that a priori are
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observer-dependent, like, for example, the Lorentz covariance of the elec-
tric and magnetic fields, (7.1), the Lorentz covariance of the charge and
current densities, is misunderstood in textbooks on electromagnetism. The
first definition of the Lorentz-covariance of electric and magnetic fields, is
the Einstein definition by means of the transformation of coordinate basis in
a system of four differential Maxwell equations, ∂tE = rotB, etc., [Einstein
1905, Part II. Electrodynamischer Teil, pages 907-909; Bergmann 1942, page
106; Hamdan 2006]. It was realized later on that a set of the four Maxwell
equations depends on a choice of an observer, depends on a choice of a (space
⊕ time)-splitting, [Kocik 1997; Cruz Guzman and Oziewicz 2003].

The textbooks logical and mathematical inconsistency, in treatments of
the Lorentz-covariance, was observed by Ivezić since 2001. Ivezić noted that
it is non-logical to consider a closed differential biform F to be Lorentz-
covariant, and at the same time, keep observer’s time-like vector field, a
‘4-velocity’, P ' (1, 0, 0, 0)), to be Lorentz-invariant-absolute. For example,
compare how an absolute observer is hidden in calculations presented in
(Misner, Thorne & Wheeler 1973, Chapter 3).

Minkowski in 1908, and then Ivezić since 2001, observed correctly that if
a Lorentz transformation is an isomorphism of a vector space, hence entire
algebra of tensor fields must be Lorentz-covariant. Every vector is Lorentz-
covariant, and an observer-monad time-like vector field, also must be Lorentz-
covariant. All tensor fields, F and P, must be Lorentz-covariant. An active
Lorentz transformation must act on all tensor fields, including an observer’
time-like vector field. Hence electromagnetic field F, potential A, and Paul
P, must be Lorentz-covariant (Ivezić 2001, 2003, 2005).

The Ivezić version of the special relativity theory is coined ‘invariant spe-
cial relativity = ISR’, where, a name ‘invariant’ is a synonym of a ‘basis-free’,
as in [Misner, Thorne & Wheeler 1973, end of Chapter 2]. A tensor field is
basis-free, therefore with respect to a ‘passive’ action of the Lorentz group
on non-linear manifold of bases-frames-tetrads, every tensor field is ‘Lorentz-
invariant’. Such Lorentz-invariance is misleading, if a mathematical basis
has no physical interpretation: basis-free tensor is trivially GL-invariant pas-
sively, and the isometry Lorentz subgroup is here irrelevant. An alternative is
to try to interpret a mathematical basis as a physical-experimental concept,
however this is outside of the philosophy of the present note.

Instead of Fock’s and Jackson’s transformation (9.2)-(9.3), Ivezić define
the Lorentz-covariance for the compound electric and magnetic fields, (7.1),
exactly as defined by Minkowski in 1908. Instead of (9.2)-(9.3), the Lorentz
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transformation of electric and magnetic concomitant vector fields, according
to the Minkowski and Ivezić definition, is as follows,

E(F, Paul)
B(F, Paul)

}
Lorentz-boost−−−−−−−−−−−→

{
EI ≡ E(F J , Rose)
BI ≡ B(F J , Rose)

. (10.4)

EI = E− γ
(
E · u

c

) {
P − γ

γ + 1

u

c

}
,

BI = B− γ
(
B · u

c

) {
P − γ

γ + 1

u

c

}
,

(10.5)

(EI)2 = E2, (BI)2 = B2, EI ·BI = E ·B, (10.6)

(P − u/c) · EI = 0, (P − u/c) ·BI = 0, (10.7)

P · EI = E · γu/c = EI · u/c, P ·BI = B · γu/c = BI · u/c, (10.8)

u · E = 0 ⇐⇒ EI = E,

u ·B = 0 ⇐⇒ BI = B,
(10.9)

[Minkowski 1908, §11.6, after formulas (44); Ivezić 2001, 2003, 2005 page 307,
formulas (8-9)]. In (10.4)-(10.9), a superscript ‘I’ is for Ivezić. Minkowski
never used his definition of group-covariance in practise. The Ivezić covari-
ance, (10.4)-(10.9), one should compare, and contrast, with not-covariance,
(9.2)-(9.5). In particular, let note

R ≡ γ
(
P +

u

c

)
=⇒ R · EI 6= 0. (10.10)

For how Lorentz-covariance and Lorentz-invariance is understood one
hundred years after Minkowski we refer to [Arunasalam 2001].

11 Groupoid kinematics is isometry-free

We are trying opposing to dogmatic trend, that the set of all relativity
transformations acting on massive observers-monads, must coincide with the
Lorentz isometry group acting on all vectors, also on light-like vector, that
can not be a reference system. We argue, hence, that the inertial massive
reference systems need not to be necessarily connected by an isometry [Ozie-
wicz 2005, 2006, 2007]. Among other, the Poincaré group is the symmetry
group of the metric tensor of the empty energy-less space-time.
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11.1 Definition (Groupoid category). A category consists of a family of ob-
jects and a family of arrows/morphisms. A category is said to be a groupoid
category if every morphism has a two-sided inverse. In particular, a group is
a groupoid one-object-category.

11.2 Definition (Relativity groupoid (Oziewicz 2005)). Let each object of
a groupoid is a massive body, not necessarily inertial, given in terms of a fu-
ture directed normalized time-like vector field, for instance as in Minkowski’s
Definition (4.1). Two massive bodies in a relative rest are considered to be
a one body - one reference system. Let each morphism be the unique binary
relative velocity, (Świerk 1988; Matolcsi 1994, Part II, §4.2, page 191),

P
u−−−−→ R = γ(P + u/c),

u(P 7→ R)

c
≡ −P − R

P ·R
, (11.1)

[Oziewicz 2005, 2006, 2007]. Such groupoid category is said to be the rela-
tivity groupoid.

Each pair of elements of a group is composable. In contrast, this is not
the case for morphisms/arrows in a groupoid with more than one object.
Consider four massive observers-monads, P, R,Q, and S, with R 6= Q. The
groupoid arrows, P 7−→ R, and, Q 7−→ S, are not composable.

The groupoid kinematics is basis-free, and postulate that electromagnetic
field is absolute, i.e. that a closed differential biform F, is observer-free for ar-
bitrary non-inertial observer [Minkowski 1908, §11.6; Cruz & Oziewicz 2003;
Oziewicz 2005, 2006, 2007]. The axiom of absolute F, is within the principle
of absolute reality by Giovanni P. Gregori [2005, page 12], stating that the
physical reality of Nature is observer-free, that laws of Physics and Mathe-
matics are absolute and do not need existence of observers = humans. The
postulate of absolute electromagnetic field F is contrary to basis-free special
relativity with observers-monads, where the closed differential bi-form of elec-
tromagnetic field, F, must be Lorentz-covariant (not absolute). Minkowski’s
implicit assumption, that F is absolute, implies that the relativity trans-
formation of the observer-dependent electric and magnetic fields is different
when compared with the following two isometric theories:

• Lorentz-not-covariance within observer-monad, (9.2)-(9.3), cf. with
[Jackson 1962,. . . ,1999].

• Minkowski’s Lorentz-covariance in Ivezic’s ‘invariant special relativity’
ISR-theory (10.4)-(10.9), [Ivezic 2001, 2003, 2005].
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In a groupoid kinematics, a basis-free closed differential biform of an
electromagnetic field, dF = 0, is postulated to be absolute, and we have,

E(F, Paul)
B(F, Paul)

} groupoid action
not isometry

−−−−−−−−−−−−−−−−−→
{

EM ≡ E(F, Rose)
BM ≡ B(F, Rose)

. (11.2)

In (11.2)-(11.3), a superscript ‘M’ is for Minkowski.

11.3 Theorem (Groupoid kinematics. Minkowski 1908, §11.6). Let u be
a space-like velocity of Rose-monad relative to Paul-monad, i.e. a relative
velocity as measured by Paul, u · P = 0. Let, E(R) and B(R), be electric
and magnetic fields measured by Rose = γ(P + u/c), Definition (4.1). Let,
E ≡ E(P ), and B ≡ B(P ), be the electric and magnetic fields as measured by
Paul. Then, these fields are related by means of the following covariance-free
transformation,

EM ≡ E(R) = γ
{
E(P ) +

u

c
×P B(P )

}
+ γ

{u

c
· E(P )

}
P,

BM ≡ B(R) = γ
{
B(P )− u

c
×P E(P )

}
+ γ

{u

c
·B(P )

}
P.

(11.3)

11.4 Lemma. The following implication holds,

P · E(P ) = 0 = P ·B(P ) =⇒ R · E(R) = 0 = R ·B(R). (11.4)

The groupoid transformation, (11.1) ⇒ (11.2) ⇒ (11.3), is induced on
concomitants from the primary action on massive observers-monads, on time-
like vector-fields only, (11.1). The transformation of concomitant-fields (11.3)
were derived by Minkowski in [1908, §11.6, his equations (47-48) and (51-52)].
Minkowski did not make it clear that such transformation among massive
observers, (11.1)-(11.3), is not an isometry, because, among other, the domain
do not include light-like vectors. The Minkowski groupoid transformations,
(11.1)-(11.3), are not the Lorentz transformations.

Hamdan, similarly, consider that a transformation of monads, (11.1), is a
Lorentz transformation, [Hamdan 2006, equations (8a-8b)]. In fact this is a
groupoid transformation, because a vector P must be time-like, and not all
such transformations are composable. Besides, one can show directly that
the groupoid transformation is not an isometry. For example, consider a pair
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of monads, P and Q, as follows,

P · u = 0 = Q · u, together with the groupoid isomorphisms,

P
u−−−−→ γ

(
P +

u

c

)
, and, Q

u−−−−→ γ
(
Q +

u

c

)
, (11.5)

P ·Q u−−−−→ γ2
(
P +

u

c

)
·
(
Q +

u

c

)
= γ2P ·Q + γ2 − 1 6= P ·Q. (11.6)

This shows that a groupoid transformation of monads is not an isometry,
[Oziewicz since 2005].

The visual difference among a Lorentz-covariant electromagnetic field,
F 7−→ F J , with strangely fixed absolute observer-monad, (9.2)-(9.3), and

the non-isometric groupoid transformation of monads, P
u−−−−→ R, with an

absolute differential biform F, (11.1)⇒(11.2)⇒(11.3), are terms containing
the scalar products, u · E and u · B. These terms within the Lorentz not-
covariance (9.3), are proportional to space-like relative velocity u. Within
relativity groupoid these terms give the time-like contributions.

Note that there are the following consequences,

u×P B = 0 =⇒ (11.7)

For Lorentz-not-covariance: EJ · E− γE2 = − γ2

γ + 1

(u

c
· E

)2

.

Within relativity groupoid: EM · E− γE2 = 0.

(11.8)

Whereas in an invariant special relativity ISR-theory by Tomislav Ivezić,
following the correct Lorentz-covariance a la Minkowski 1908, ∀ u, there is
(Ivezić 2001, 2003, 2005),

EI · E− E2 = +
γ2

γ + 1

(u

c
· E

)2

. (11.9)

We need to stress again that in expressions (11.8)-(11.9), the electric
field measured by an observer ‘at rest’, and electric field measured by a
moving observer-monad, within the three different relativity theories, all are
the vector fields on four-dimensional space-time manifold,

E, EJ , EI , EM ≡ E(Rose), (and u), (11.10)

In a randomly chosen not-adopted mathematical basis, each of these vector
fields (11.10) possesses four non-zero scalar components. In terminology
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used by Ivezić, the fields, E and EJ ,EI ,EM , etc, in (11.8)-(11.9) and in
(11.10), are ‘4D-quantities’.

Note that there are the following implications{
u · E(P ) = 0
u ·B(P ) = 0

}
=⇒

{
u · E(R) = 0
u ·B(R) = 0

}
=⇒

{
P · E(R) = 0
P ·B(R) = 0

}
=⇒ E(P ) ∧B(P ) ∧ E(R) ∧B(R) = 0. (11.11)
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Electrodynamics. Warszawa: Państwowe Wydawnictwo Naukowe 1979,
1980, 1981. Amsterdam: Elsevier 1985.
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Ivezić Tomislav (2005) : The proof that Maxwell equations with the 3D E
and B are not covariant upon the Lorentz transformations but upon
the standart transformations: the new Lorentz invariant field equations,
Foundations of Physics 35 1585.
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