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General Relativity predicts the existence of relativistic corrections to the static Newto-
nian potential which can be calculated and verified experimentally. The idea leading
to quantum corrections at large distances is that of the interactions of massless parti-
cles which only involve their coupling energies at low energies. In this short paper we
attempt to propose the Sagnac intrerferometric technique as a way of detecting the rela-
tivistic correction suggested for the Newtonian potential, and thus obtaining an estimate
for phase difference using a satellite orbiting at an altitude of 250 km above the surface

of the Earth.
1 Introduction
The potential acting between to masses M and m that sepa-
rated from their centers by a distance r is:
GMm

Vi) = -T2,

€]

where s the Newton’s constant of gravitation. This potential
is of course only approximately valid [1]. For large masses
and or large velocities the theory of General Relativity pre-
dicts that there exist relativistic corrections which can be cal-
culated and also verified experimentally [2]. In the micro-
scopic distance domain, we could expect that quantum me-
chanics, would predict a modification in the gravitational po-
tential in the same way that the radiative corrections of quan-
tum electrodynamics leads to a similar modification of the
Coulombic interaction [3].

Even though the theory of General Relativity constitutes
a very well defined classical theory, it is still not possible to
combine it with quantum mechanics in order to create a sat-
isfied theory of quantum gravity. One of the basic obstacles
that prevent this from happening is that General Relativity
does not actually fit the present paradigm for a fundamental
theory that of a renormalizable quantum field theory. Gravita-
tional fields can be successfully quantized on smooth-enough
space-times [4], but the form of gravitational interactions is
such that they induce unwanted divergences which can not
be absorbed by the renormalization of the parameters of the
minimal General Relativity [S]. Somebody can introduce new
coupling constants and absorb the divergences then, one is
unfortunately led to an infinite number of free parameters.
In spite the difficulty above quantum gravity calculations can
predict long distance quantum corrections.

The main idea leading to quantum corrections at large dis-
tances is due to the interactions of massless particles which

only involve their coupling energies at low energies, some-
thing that it is known from the theory of General Relativity,
even though at short distances the theory of quantum grav-
ity differs resulting to finite correction of the order, O (C%;Tha )
The existence of a universal long distance quantum correction
to the Newtonian potential should be relevant for a wide class
of gravity theories. It is well known that the ultraviolet be-
haviour of Einstein’s pure gravity can be improved, if higher
derivative contributions to the action are added, which in four

dimensions take the form:

aR" Ry + BR?, 2)

where o and @ are dimensionless coupling constants. What
makes the difference is that the resulting classical and quan-
tum corrections to gravity are expected to significantly alter
the gravitational potential at short distances comparable to

that of Planck length £p = \/g = 10735 m, but it should not
really affect its behaviour at long distances. At long distances
is the structure of the Einstein-Hilbert action that actually de-
termines that. At this point we should mentioned that some
of the calculation to the corrections of the Newtonian gravi-
tational potential result in the absence of a cosmological con-
stant A which usually complicates the perturbative treatment
to a significant degree due to the need to expand about a non-
flat background.

In one loop amplitude computation one needs to calculate
all first order corrections in G, which will include both the
relativistic O(szz) and the quantum mechanical O (<)

52
corrections to the classical Newtonian potential [6].

2 The corrections to the potential

Our goal is not to present the details of the one loop treat-
ment that leads to the corrections of the Newtonian gravita-
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tional potential but rather sate the result and then use it in our
calculations. Valid in order of G? we have that the corrected
potential now becomes [6]:

GMm
r

122Gh
157c3r2

Vir)=-

{ G(M+m)
1- 2
2c’r

]. 3)

Observing (3) we see that in the correction of the static
Newtonian potential two different length scales are involved.

First, the Planck length £p = 1/} =107% m and second the

Schwarzschild radii of the heavy sources 7scp = ZGCM" Fur-
thermore there are two independent dimensionless parame-
ters which appear in the correction term, and involve the ratio
of these two scales wit respect to the distance r. Presumably
for meaningful results the two length scales are much smaller
than 7.

3 Perturbations due to oblateness J,

Because the Earth’s gravitational potential is not that of a
perfect spherical body, we can approximate its potential as
a spherical harmonic expansion of the following form:

GMm = R.Y' . B
V(r,¢) =— " 1-— ,;2 In (7‘) P, (sin q&)] =
GMm [V +VJ2 +VJ3 ], 4)
where:

r = geocentric distance,

¢ = geocentric latitude.

R. = means equatorial radius of the Earth,

P,, = Legendre polynomial of degree n and order zero,

Jn = Jp, jonal harmonics of order zero, that depend
on the latitude ¢ only,

and the first term GMm /r now describes the potential of a
homogeneous sphere and thus refers to Keplerian motion, the
remaining part represents the Earth’s oblateness via the zonal
harmonic coefficients and [7]

Vo=-1
Jo (ReY .. .
VJZ = ? (7‘) (35111 ¢— ].) (5)
3
Vi, = g (Jj) (5sin® ¢ — 3sin ¢)

similarly [8]

Jy = 1,082.6x107°
. (6)

Js = —2.53x107°

Therefore equation (4) can be further written:

Virg)= -2 x
{1—2]( ) ) (sin @) — % = (6a)
GMm

[V + VJQ + VJ3 - VRelativistic] .

Since J, is 400 larger that any other J,, coefficients, we
can disregard them and write the following expression for the
Earth’s potential function including only the relativistic cor-
rection and omitting the quantum corrections as being very
small we have:

GM, GM.mR2J.
V-Gl | Uy (32 1)
GZM M,

anQ(TQ +m) ™)

Since we propose a satellite in orbit that carries the
Sagnac instrument it will of a help to express equation (7) for
the potential in terms of the orbital elements. We know that
sin ¢ = sin< sin(f +w) where ¢ is the inclination of the orbit,
f is the true anomaly and w is the argument of the perigee. Ig-
noring long and short periodic terms (those containing w and
f) we write (7) in terms of the inclination as follows:

GM 3G M, RzJ 1
V(rg) = — em n;, 2(smz_>
r 2r 2 3
G2M m (M, +m
2( 5 ) (3
c2r

therefore the corresponding total acceleration that a mass m
at r > R, has becomes:

18] GMm 3GM . mR2J,
Gtot = — + X
m Or r 2r3
2, 2
sin“c 1 G*M.m (M +m)
x ( 2 3) * r2c? ] @
so that:
GM. 9GM.R2J, (sin®i 1
Gtot =~ r2 + 2r4 2 3 +
G*’M. (M. +m
S

4 Basic Sagnac interferometric theory

The Sagnac interferometer is based on the Sagnac effect, re-
ported by G. Sagnac in 1913 [8]. Two beams are sent in op-
posite directions around the interferometer until they meet
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NG, — 8m RZNQv (RsQs + T 2vors) 15)

(8 — REQE) [1— B (- O o SO (5% — ) 4+ ) [1— cos [220 (14 2) 7] ]

2 p2 -2 GM.
A¢ _ 871 RSNQsV (Rsﬂs + T (Re+lorb)) (16)
rs — 2 —
(c? — R202) [1 4 & (e — 29Meils _ UMY [1 — cos [ 28R (1 4 Rl ™ ]]
sm? RINQw (1+ %55 ) (RSQS +r?y O (1- Rb))

Agrs = - a7

o (8 () P [ ) R ) [ [ (]

again to create a phase pattern. By rotating the interferom-
eter in the direction of either the clockwise (CW) or counter-
clockwise (CCW) beam, a phase difference results between
the two beams that its given by:

8m*R2,,N Qu

(CZ — CLZQZ) ?

where €2 is the angular velocity of the interferometer, Rqg4 is
the radius of the interferometer, N is the number of turns of
fiber around the radius and v is the frequency of light in the
fiber.

Let us now assume that the Sagnac interferometer and its
light laser beams are in the region of space around the Earth
where the gravitational potential is given by equation (3) and
let us further assume that the quantum correction to the po-
tential is really negligible. If the Sagnac light loop area has
a unit vector that is perpendicular to the acceleration of grav-
ity vector, then the motion of the interferometer will exhibit a
red-shift that will be given by:

f_

_ AV
c2

A, = Y

f

— Georz ?
1 2

frs =

(12)

where AV is the difference in the potential between to differ-
ent points P; and P,, and g, is the corrected or total accel-
eration of gravity and z is the difference in vertical distance
between the two beams as the interferometer coil rotates. This
distance z that the laser beams see is given by:

2mQRsag
(14 Bt

c
This Sagnac effect can also be amplified by an interfer-
ometer that is in orbit, where the orbital velocity of the in-
terferometer with respect to the Earth’s surface produces an
increased phase shift. Both terms involved in the acceleration
of gravity in the first one:

812R
A, = (

z = Rgg{1—cos (13)

2
sag

c2 — R2

sag

Yorb

NQv (RsagQ + =25
%) [1-%]

)

(14)
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using (14) and taking into account that M > m we further
obtain (15), where M is the source of the gravitational field
= the mass of the Earth in our case M., and R is the radius of
the massive body = R,, and r = R, + 2z, it’s orbital height
plus Earth radius for an Earth-based satellite.

This Sagnac effect can also be amplified by an interfer-
ometer that is in orbit, where the orbital velocity of the in-
terferometer with respect to the Earth’s surface produces an
increased phase shift. Both terms involved in the acceleration
of gravity in the first one:

5 Sagnac in circular orbit of known inclination

Let now a Sagnac interferometer be aboard a satellite in a
circular polar orbit of inclination 7 =90 degrees. If the incli-
nation is 90 degrees the term sin®{ — 2 =L and the orbital
velocity at some height z above the surface of the Earth is

Vors = 1/ (Ag-yy and (6) takes the form (16) can be finally

written as (17).

6 Sagnac in elliptical orbit of known inclination

If now a satellite is carrying a Sagnac device is in an elliptical
orbit of eccentricity e and semi-major axis a we have that the
radial orbital vector and the orbital velocity are given by:

B a(l—e?)
T(f)_71+ecosf’ (18)
vngMe<2_1> _ GM. {2(1+ecosf) 1] o)
r o a a (1—e?)

where f is the true anomaly of the orbit. Substituting now in
(8) we obtain (20).

If we use the fact that GM, = n2a® where n is the mean
motion of the satellite, equation (20) can be further
written as (21).

When the satellite approaches perigee its orbital velocity
will increase, so we will expect to see a higher phase differ-
ence than any other point of the orbit, and similarly the effect
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87T2R2NQSV (1 + Rf?f) (RSQS + 7T_2 \/GIVIe (1+e2+2e2cosf>>
s c a l1—e
Apys = 2 (20)
A e cos GM.R2J. ecos f)* G2M? ecos f)3 TR, Q.1
c? |:1+R5 (Glt\:lztfj(—i_l—ez)g) - 4(:2a,‘fél]-——*_ez)4 - c4a£tj——ez)3f) ) [1_ cos [@ (1+¥) :|:|:|
s RINQ,v (1+ ) (R Q, + 1 %na (”ﬁzf))
S s S s —e
Aprs = _ 2n
(1+ )2 3n2R2J5(1+ecos f)* 4q3(14 )3 2TR.Q, R,Q.\ !
[L+ R, (Cefracafl - ntRlhless It nto(ecss s [} cop [2220 (14 ) ]
s RENQ,v (1+ %) (RSQS +m2, |Gl (12))
A¢,s (perigee) = (24)
GM.R2J. G2 M2 ™ -1
2 {1 + R, (czﬁ(ﬂfie)z _ 436%4(1—:)24 - C4a3(1je)3) [1 — cos [2 Ralls (7 4 Refl) ]H
s RENQv (1+ %285 ) (R, + 7 2na  [1£2)
Ag,s (perigee) = > (25)
R2J. 4 - -1
@ (14 R (o - iiiee — s [1 - cos [0 (14 22 7]
sm? RINQv (14 %) (RSQS +m? G (112))
A@TWMw%):@[1+R ( GM. _ 3GM.R:J, _  G2M? )b_c%[nmm(l+ﬁmﬂ*1” o
S\ c2a2(1+e)? 4c2a%(1+e)* c*a3(1+e)® c c
o | s RINQY (1+ 22) (R, + n%na , [12) .
rs (apogee) = nZa 3n2R2J. nda3 2rR.Q R.Q.\ 1
c? |:1 + Rs (c2(1+e)2 - 4c2a.(1i:)4 o 54(1+e)3) |:1 T cos [ CS : (1 + sc 5) :|:|:|

will be minimum at the point of apogee because the satellite’s
velocity is minimal. The distance at perigee and apogee are
given by the equations below:

rpg =a(l—e)

Tapg = a(l+e)

)

l1—ce¢
l+e

(22)

also the corresponding velocities are:

(

2 _ GM,

apg —

, GM
pg —

1+e
1—e

(55)

therefore the phase difference detected by the Sagnac due to
the contribution of the Earth’s oblateness plus relativistic cor-
rection to the potential at perigee and apogee can be written
as (24) or again (25).

Similarly the phase difference at apogee can be written as
(26) or again (27).

(2
a

(23)

v
a

For this last case of the elliptical orbit in (25) and (26)
where the Sagnac interferometer is on the satellite and we as-
sume R, =1m, v =2x10"%Hz, N =108, Q, =400rad/sec,
a=8x10%m, e=02, R, =6.378x10° meters we arrive at
the following values for A¢:

A¢ (perigee) = 3.57x107° radians,
A¢ (apogee) = 2.44x107*° radians.
These values are based on the dominant potential correc-

tion in (11) of section 3 which is the first term in (11) or the
Newtonian correction:

Newtonian correction = 2.17x10~18 radians.

In comparison, the second and third terms in (11) are the
oblateness and relativistic corrections respectively and they
produce the following values based on the given parameters:

Oblateness correction = 8.52x10~20,
Relativistic correction = 7.91x10726.

So by comparison of the values above, the Newtonian cor-
rection is much easier to measure.
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A¢ B 87r2a§NQsl/ (ast + 7'('72 (Rf—xzrb)) (30)

e 5 202) |1 as [1+(82+e—1) cos[iz"ajns (1+%)71]] GM. 3GM.R2J, G2 M2

(C — as s) + (l+ecos[27rajﬂs (H—@)_l]) r2c2 4rdc2 T Trscd

812a2NQsv (1 + “%?2) (aSQS +m2 ) —Géwe (1 - Zg”))
Ad,s = 31
¢ 2 (1 as |:1+(e2+efl) 005[72"41:595 (1+%)71 GM. 1 2zem 3GM.R2J, 1 4zom G2 M2 1_ 3zom 31
C (1_*_8605[%(1_&_%)71]) (Rgcz( " R >_ 4R%c2 ( " R. >_ R3c* ( " R. ))

22
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2,2 a3l -2 [GM. (14e
8m?aiNQsv (1+ sczs) asfds + Te(l—e)
A erigee)= 33
brs (perigee) 2y, % [1+(e*+e—1) cos [ 272222 (142222« ) ] | GM. _ 3GM.RJ, _  G2M? &9
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202
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The A¢ values given above may be more easily measured
using a QPSK-modulator inserted in the CCW or CW beam
path to improve phase resolution. Also, the use of higher
wavelengths (factor of 10 higher in frequency) will increase
resolution.

7 We suggest a Sagnac with an elliptic fiber loop

To attempt increasing the resolution of the phase difference of
the Sagnac interferometer let us now propose a Sagnac loop,
that has the shape of an ellipse that rotates with an angular
velocity €2. In this case it can be shown that the height dif-
ference between two points on the ellipse can be given by:

1+ (e?+e—1)cosf
1+ ecosé

z=a (28)

To check the validity of the formula we derived we can set
e=0 which is the case of a circular Sagnac fiber optical path
we can see that the (13) in now retrieved since

Rsag = Qroop(sag) = s 18 the semi major axis of the ellip-
tical fiber loop. When the ellipse spins with angular velocity
Q) that would force it to trace out a circle whose radius r, will
be that of the semi-major axis a of the ellipse, and therefore
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we can finally write for (13):

as [1+(32+6_ 1) COS{%(]'—F %)71}] . (29)

(1 ecos {2res (14 )71 )

Zz =

8 Circular orbit formula for the phase difference of
the Sagnac

Let now as before have a Sagnac interferometer be aboard a
satellite in a circular polar orbit of inclination z = 90 degrees.
If the inclination is 90 degrees the term sin® £ — 1 =1 and
the orbital velocity at some height z above the surface of the

273
Earth is vorp(cire) = 4 /(Rfiiﬂf;b) and (6) takes the form (30)
that can be finally written as (31).

9 Sagnac in elliptical orbit of known inclination

If now a satellite is carrying a Sagnac device is in an elliptical
orbit of eccentricity e and semi-major axis a we have that the
radial orbital vector and the orbital velocity are given by (32).

At perigee the equation (32) becomes (33) and also (34).
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For (33) and (34) above the following values are com-
puted assuming e =0.2, v =2x10* Hz, a =8x10% meters,
N =1 (because the orbit is the Sagnac loop), Rsag = Rperigee
or Ropogee as determined by (22), Qperigee = 0.001 rad/sec,
and Qgpogee = 610 rad/sec we find,

A¢ (perigee) = 6.05x1010 radians,
A¢ (apogee) =2.36x1010 radians.

These values are for measuring the dominant Newtonian
contribution as described in Section 6. To detect relativis-
tic contribution which is 3.64x1071% smaller than the New-
tonian contribution the corresponding phase-shifts from (33)
and (34) are:

A¢ (perigee) =22 radians,
A¢ (apogee) = 8.59 radians.

Thus, the relativistic contribution in (11) of Section 3 is
easily measurable using a Sagnac interferometer where the
satellites in orbit are the Sagnac loop. In this scenario, the
light path can be implemented by transmitting laser beams
from one satellite to the next satellite in orbit ahead of it.
Also, by using the maximum spacing possible between satel-
lites in orbit this will allow line of site transmission while re-
ducing the number of satellites required for the Sagnac loop.
With the potential to measure such small relativistic correc-
tions, the merit of using satellites to implement a large Sagnac
loop of radius Rs = Rqp or Rpe, is well worth considering.

Submitted on March 27, 2008
Accepted on April 04, 2008

References

1. Donoghue J.F. arXiv: gr-qc/9310024.

2. Bjorken J.D. and Drell S. Relativistic quantum mechanics and
relativistic quantum field theory. Mc Graw-Hill, New York
1964.

3. t’ Hooft G. and Veltman M. Ann. Inst. H. Poincare, 1974, v. 20,
69.

4. Capper D.M., Leibrand G. and Medrano R. M. Phys. Rev. D,
1973, v. 8, 4320.

5. Goroft M. and Sagnotti A. Nucl. Phys. B, 1986, v.22, 709.
6. Hamber H. W. and Liu S. arXiv: hep-th/9505128.

7. Blanco V.M. and Mc Cuskey S. W. Basic physics of the Solar
system. Addison-Wesley Publishing Inc., 1961.

8. Sagnac G. R. Acad. Sci., 1913, v. 157, 708.

9. Camacho A. General Relativity and Gravitation, 2004, v. 36,
no. 5, 1207-1211.

10. Roy A.E. Orbital motion. Adam Hilger, Third Edition, 1988.

8 Ioannis I. Haranas and Michael Harney. The Relativistic Corrections to the Gravitational Potential using a Sagnac Interferometer



