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One of the peculiarities of biological chemistry is that in a living organism the molecules are built under 

control of enzymes.  In this process bimolecules act as well-tuned mechanisms, that conflicts with a concept of 
molecule as a quantum system that is governed by probabilistic laws of quantum mechanics.  The question 
arises whether deterministic behavior of biomolecules can be understood by the traditional scientific methods 
at all or whether one can do so by the introduction of additional forces and fields in quantum physics.  In the 
author’s opinion if we return to the idea of “hidden variables” it becomes possible to get rid of the probabilistic 
interpretation of the quantum formalism.  As is well known, the Schrödinger equation is the main postulate of 
quantum mechanics.  Therefore, if we are going to introduce any previously unknown forces to Quantum 
Mechanics, we should preserve the Schrödinger equation – perhaps by interpreting it differently.  In this work 
it is proved that the Schrödinger equation can be derived from the deterministic laws of classical mechanics.  In 
this case the Schrödinger equation is a necessary condition of a stable motion of a particle.  In the author’s view 
during the motion of electrons in an atom the structures are formed in the physical vacuum.  The forces caused 
by these structures serve to stabilize the electrons’ motion along the orbits corresponding to eigenvalues of 
energy.  If we consider these structures as quasi-particles of physical vacuum that have spin, then the natural 
frequencies of the atom are the frequencies of the precession of the quasi-particles’ spin. 

 

1. Hidden Variables 

As is well known, the Schrödinger equation is a main post-
ulate of quantum mechanics.  It describes many observations 
very well, but there are still heated discussions among scientists 
about its physical interpretation. 

Currently, the probabilistic interpretation is the most com-
mon one.  Its proponents, however, have difficulties explaining 
the results of experiments with nonclassical optical effects (e.g., 
the two-photon interference, teleportation of polarization of the 
photon, etc.)  The probabilistic approach in these cases can leads 
to negative probabilities.  Note that any known interpretations of 
the quantum formalism for the case of “nonclassical” light are 
also inconsistent with the main concepts of special relativity [1]. 

The probabilistic interpretation is also unable to describe the 
behavior of quantum systems in living matter (biomolecules).  E. 
Schrödinger was the first to write about this conundrum: “A sin-
gle group of atoms existing only in one copy produces orderly 
events, marvelously tuned in with each other and with the envi-
ronment according to most subtle laws... we are here obviously 
faced with events whose regular and lawful unfolding is guided 
by a ‘mechanism’ entirely different from the ‘probability mechan-
ism’ of physics”. 

Historically, the issue of incompleteness of the description of 
physical reality by quantum mechanics was put forward for the 
first time by Einstein, Podolsky, and Rosen in 1935.  They pro-
posed looking for «hidden variables», that is such properties of 
elementary particles that would allow consistency with the de-
terministic theory of elementary particles.  They also referred to 
the hidden variables as being “local”.  Later it was proven that 
«hidden variables» could be: 1) either "nonlocal" (the “nonlocal-
ly” is the existence of a connection between any spatially sepa-
rated measurement devices) or 2) a field of a special type where-

in disturbances can spread at speeds greater than the speed of 
light.  In general both hypotheses are inconsistent with the main 
concepts of special relativity. 

The best-known theory that tries to achieve an agreement be-
tween “hidden variables” and SR is the de Broglie-Bohm theory, 
also called the pilot-wave theory.  De Broglie assumed that every 
elementary particle possesses an internal oscillatory process, al-
though his theory does not address the nature of this process.  He 
suggests that an oscillation with exactly the same frequency is 
also induced at each point of space surrounding the particle.  
Thus de Broglie introduces two objects: a particle and an accom-
panying stationary wave.  Considering these objects separately 
he came to his famous “law of phase harmony”: “The phase of 
the wave associated with the moving particle must always ac-
cord with the phase of a clock at the position of the particle (as 
measured by an observer at rest), or the phase of the stationary 
wave at the point of location of the particle always coincides with 
the phase of the particle itself”. 

The “stationary wave”, however, requires a medium, pre-
sumably the “physical vacuum”, in which to propagate.  But the 
“vacuum” having nonuniform energy density and pressure does 
not agree with the theory of relativity.  Nevertheless de Broglie 
and his followers introduced such a medium, whose existence in 
their opinion did not contradict the postulates of relativity.  They 
called it the subquantum medium and modeled it as a gas with 
particles of imaginary mass having speeds greater than the speed 
of light. 

The opinion of the author of this paper is also in concert with 
the idea that hidden variables exist [2, 4].  It is proved below that 
the Schrödinger equation can be derived from the deterministic 
laws of classical mechanics.  N. G. Chetaev (1936) showed in his 
work [3] the analogy between the equation describing the stable 



 Sotina: Schrödinger Equation and Structures in the Physical Vacuum Vol. 8 2

motion of a mechanical system, under action of conservative 
forces and the Schrödinger equation. In the author’s view, this 
analogy is not coincidental.  Further mathematical development 
of this model leads to the conclusion that the motion of electrons 
in an atom can have a deterministic interpretation.  As electrons 
move in an atom, structures are formed in the physical vacuum.  
The forces caused by these structures stabilize motion of elec-
trons along the orbits corresponding to eigenvalues of energy.  If 
we consider these structures as quasi-particles of the physical 
vacuum that have spin, then the natural frequencies of the atom 
are the frequencies of the precession of the quasi-particles’ spin. 

2. Analogy between the Schrödinger Equation 
and the Equation of Stability for a Mechani-
cal System 

The Schrödinger equation is a postulate of quantum mechan-
ics.  One can attempt to derive a postulate in the case it finds a 
way to “extend the existing model”, that is to bring new concepts 
into science, and to look at the problem by taking into account 
the deeper processes of nature.  The derivations, presented below 
do not require the introduction of new postulates in physics, 
which makes them especially interesting.  The Schrödinger equa-
tion is derived from the laws of deterministic classical mechanics, 
which allows interpreting it from the deterministic point of view 
rather than from the traditional probabilistic one.  The reasoning 
in this chapter is based a great deal on the works of Chetaev [3], 
who showed an analogy between the stable motion of a mechan-
ical system under action of conservative forces and quantum 
processes described by the Schrödinger equation. 

Consider the motion of a mechanical system under the action 
of conservative forces that do not depend on time t explicitly.  
The constraints are assumed to be holonomic, that is, frictionless.  
In this case the kinetic energy of the body can be represented as 
follows: 

 2T ij i j
i, j

= a p p , (1) 

and there exists the energy integral  

 constH = T U = ε = , (2) 

where  1,... kU = U q ,q  is the force function, which is the negative 

of potential, 1 ... kq , ,q  are generalized coordinates, and 1 ... kp , ,p  

are generalized momenta. 
As is known, Newton's equation for such a system can have 

the form of Hamilton's equations 
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Eqs. (3) are the equations for characteristics for the following 
partial derivative equation of the first order (known as the Jacobi 
equation): 
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If the energy integral exists and the force function does not 
depend explicitly on time, then the complete integral of the Jaco-
bi equation takes the following simple form: 

  1 1,..., ; ,...,n nS t V q q a a    (5) 

Equation (5) yields a system of canonical equations: 
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Let us introduce a function ( )S .  In view of (5), the following 

equations result: 
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From this it follows that  

 ij ij i j
i j

ψ
L ψ a = ψ a p p +ψ L S

q q

              
   (8) 

If we represent the energy integral (2) as  

  2ij i ja p p = U + ε , (9) 

then the latter can be written as 
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Now we explore the mechanical motion of the system de-
scribed by Eqs. (3) for stability. As is known from the theory of 
stability, the variational Poincaré equation has the form: 

 
2

i
is j

j s

j j j
j i

d S
a

dt q q

S
p

q q




  

  
     


 

 




 (11) 

Assume now that under some initial conditions the non-
perturbed object's motion is stable.  Then the characteristic num-
ber for the expression 

 exp exprj
r j

S
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q q
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must be zero. In the primitive case this requirement is satisfied if 
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Thus for a stable motion (and only for it) Eq. (10) simplifies 
and takes the form: 
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Let us search for the solution for a special case, when genera-
lized coordinates 1 ,..., nq q  are  1 2 3, ,x x x x , in the form 

    , exp
i t

t x x
    

 
 (15) 

Then for the stable trajectories, along which a particle with 
mass m moves under the action of potential forces, the following 
equation is true: 

      
2

0
2

x U x
m

     


 (16) 

The last equation corresponds completely with the time-
independent Schrödinger equation (the derivation of the non-
stationary Schrödinger equation is given in [4]) 

Note that condition (13) is necessary but not sufficient.  Thus 
there might be frequencies among the solutions of the Schrödin-
ger equation that are not observed. 

3. Structures in Physical Vacuum 

Chetaev’s derivation of the Schrödinger equation encounters 
a problem when applied to the hydrogen atom.  The difficulty is 
that the motion of any particle in the field of a centripetal force 
(e.g., gravitational or electric) is unstable.  In an atom, therefore, 
one should search for those forces that stabilize the motion of 
electrons along the orbits corresponding to eigenvalues of energy 
only.  These forces should be such that do not change the form of 
the Eq. (16).  In one of his works [3], Chetaev identified condi-
tions for such potential forces that can stabilize electrons, but do 
not appear explicitly in Eq. (16) (i.e. for example the equation of 
the hydrogen atom having potential 1 r only).  Below we de-

scribe the derivations of these stabilizing conditions and analyze 
the nature of the forces that satisfy them. 

Assume that in addition to the primary forces described by 
the force function 0U , there are also perturbation forces described 

by the force function W . The motion of the system under the 
action of all forces described by the combined force function 

 0U U W  in general is not the same as the motion under the 

primary force with the force function 0U acting alone.  Now con-

sider the stability of such motion with respect to a variation in 
the initial conditions. Because the system is moving under the 
action of conservative forces, there exits the energy integral: 

   0T U W  (17) 

Represent the time-independent component of the function 

 S as  expA iV   , where A  is some real function of 

coordinates iq .  Combining all of the above yields 
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Consequently, in view of (6) the expression (13) takes the form 
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Conservation of energy can thus be expressed through the func-
tion   as: 
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Adding the above equation and Eq. (19), the necessary condition 
of stability in the first approximation takes the form 
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If function A  satisfies 
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the Eq. (21) does not contain the force function of perturbation 
forces W  

The expression 22 can be split into real and imaginary parts: 
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Thus, if the perturbation forces have structure defined by Eqs. 
(23), the condition of stability (21) takes the form of the stationary 
Schrödinger equation: 
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Eqs. (23) describe the form of the perturbation forces.  To un-
derstand the meaning of these forces better, consider a simple 
case when the primarily motion of a particle of mass m is a mo-
tion in the field of a centripetal force.  Denote the momenta along 
the axes 1 2 3, ,x x x  as 1 2 3, ,p p p  respectively.  In this case 

 1q r ,   2q ,   3 0q ,   1 tp r ,    2
2 tp r ,   3 0p   (25) 

The expression for the associated kinetic energy takes the form 
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and the second condition (12) becomes 

 0t t
A A dA

r
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This means that function A  does not change with time along the 
particle’s trajectories. 

Consider circular motion. If the perturbation forces are small, 
in the first approximation, the latter condition yields that A  is 
independent of .  From (24) we can determine the energy cor-

responding to a stable energy level, and from the known energy 
value determine the radius of the circle 0r   in the unperturbed 

motion.  The first condition (23) will take the form: 
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Let  expA f r , then 
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 Since we are looking for small perturbation forces, consider the 
Taylor series about 0r of the function in square brackets: 

          0 0
2 2const oW В r r r r  (30) 

Then the force can be obtained as  
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W
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For small deviations this expression in fact corresponds to 
Hooke’s law. 

How does Hooke's law arise in this situation? It appears if we 
assume that structures (quasi-particles) are formed in the physi-
cal vacuum associated with the motion of electrons. It can be 
visualized as follows:  an electron is remains on the surface of a 
“bubble” formed in the vacuum as a result of the electron’s mo-
tion about the nucleus. Any inward or outward deformation of 
the surface of the bubble causes an elastic restoring force. This 
force is the one that stabilize the motion of the electron along the 
orbits corresponding to eigenvalues of energy.  

4. The Phase Harmony Vacuum Law 

Now we go back to the complete integral of the Jacobi equa-
tion (5).  From the theory of differential equations, the geometric-
al representation of the complete integral of a differential equa-
tion is a family of integral surfaces.  Consider one integral sur-
face.  Through each point of this surface there goes a unique cha-
racteristic line which belongs to the surface.  The projection of 
this line to a hyperplane describes a trajectory of a system.  By 
giving various transformations  S  , we obtain different 

functions   bound to the given trajectory.  This way the transi-

tion from Hamilton's equations to the Jacobi equation provides 
additional ways for description of the system behavior.  If there 
exists some physical characteristic of the system, which from the 
one hand side changes continuously along each trajectory, and 
from the other hand side can be uniquely and continuously ex-
tended to surrounding space then the attempt can be made to 
describe such a variable characteristic mathematically by finding 
an appropriate  S  . 

This way the substitution (15) allows one to associate a func-
tion    exp i t x    with each of the electron’s trajectory.  The 

last substitution was found empirically by Schrödinger as the one 
which yields the Rydberg-Ritz formula for the spectrum of the 
hydrogen atom.  As it was shown in the previous chapter the 
substitution (15) yields the following equation for the stable tra-
jectories (the Schrödinger equation (16)). 

Since we are looking for the single-valued, finite and conti-
nuous solutions of Eq. (16), the discussed above stability takes 
place for certain energy values (eigenvalues)  only. In other 
words the Eq. (16) allows to extract among all possible trajecto-
ries those on which    is a function of time of the form 

 exp
i t 

 
 

 (32) 

At present the probabilistic interpretation of function   is the 

most common one.  It should be noted that the concept of the 
family of trajectories along which an electron can move in an 
atom agree (under certain conditions) with the probabilistic in-
terpretation of the function  .  However, the goal of this paper 

is to search for “hidden variable” and to give the deterministic 
interpretation of the function  . 

It follows from the theory of differential equations that for 
any fixed time  0t t  the surface 

        
 0 , exp constoi t

t x x  (33) 

is perpendicular to the trajectories. It was this fact which appar-
ently drove De Broglie to his famous “law of phase harmony”: 
the phase of the   function associated with the moving particle  

must always accord with the phase of the stationary wave at the 
location of the particle, or in other words the phase of the statio-
nary wave at the point of location of the particle always coincides 
with the phase of the particle itself”. 

De Broglie claimed that every elementary particle possesses 
an internal oscillatory process, (although he never described the 
nature of this process).  With this approach he established a cor-

respondence between each particle and the frequency 0
2m c   

0 , and suggested that an oscillation with exactly the same 

frequency is  induced at each point of space surrounding the par-
ticle.  That is, according to De Broglie a stationary wave emerges 
in the surrounding space, moving with the particle. 

Note that the equality of the phase of the particle's function 
 0 , constt x   to the phase of the wave process in the particle’s 

vicinity does not imply equality of the associated frequencies. In 
the author’s opinion, the electron’s motion creates structures 
(quasi-particles) [2 ,4] in the physical vacuum, and these quasi-
particles have spin (e.g., a photon has spin  ).  Below we show 
how it is possible to preserve the phase harmony law while attri-
buting different frequencies to an electron and its surrounding 
vacuum structure.  The phase harmony law can be expressed in 
the form 

 fe



 

 (34)  

 where e is the energy of the electron and  f  is the energy of its 

vacuum structure (quasi-particle).  Thus far, we discussed only 
the motion of the center of mass of the electron.  If now the non-
stationary component of wave function phase  i t , is pre-

sumed to describe on the one hand the precession of spin of the 

electron, 
2e e 


, and on the other hand the spin precession of 

the associated vacuum structure, f f   , then Eq. (34) takes 

the form
 

 
2 e f M  
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Physically, the latter equation can be interpreted quite simply: 
the torque affecting the electron's spin and causing its precession 
with frequency  e  is equal to the torque affecting the vacuum’s 

spin structure.  (Note that torque and energy have the same units 
of measure in physics.) 

 Consider the simple case of an electron moving in a circular 
orbit around a proton.  In this case 2e eT   is the angular 

frequency of the electron's spin precession, and 2f fT    is 

the angular frequency of the vacuum structure's spin precession 
(we refer to this structure as a "sleeping photon").  Eq. (35) is 
equivalent to the condition 2f eT T .  The condition for periodic 

motion gives us 

 e orbkT T  (36) 

For an electron moving in a circular orbit of radius r about a 
proton under the influence of the Coulomb force, the period is 
given by 2orbT r v . On the other hand 

 
2

2 2e e
eT

  
 

 (37) 

By substituting both equations into Eq. (36) we obtained the 
standard condition of quantization of the electron’s angular mo-
mentum  m vr k .  In other words if the electron’s spin pre-

cesses as the election moves along the orbit, and the energy of the 
precession is defined through the phase of the wave function as 

2e e 


, then the condition of stability (36) is equivalent  to the 

condition of quantization of the electron’s angular momentum. 
In the case of circular motion we have 

 
2 2

2
mv e

r r
, (38) 

where m is the mass of the electron and v  is the linear velocity. 
It then follows that 
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Thus, we obtained the energy levels of the hydrogen atom for the 
Bohr orbits. 

The condition of quantization of the electron’s angular mo-
mentum  m vr k  can be also derived if assume that the wave-

length associated with the precession of the electron's spin, 
  Te  is the de Broglie wavelength 

 
   
2 2 r

mv k
 (40) 

Note that in this context the de Broglie wavelength reveals 
concrete, physical meaning. 

In the author’s opinion the atom's natural frequencies are 
identical to the spin precession frequencies of the structure aris-
ing in the vacuum as the electron moves through it. 

5. Conclusion  

The Schrödinger equation can be derived from the laws of 
classical mechanics, and therefore may have a deterministic in-
terpretation.  N. G. Chetaev (1936) showed the analogy between 
the equation of stable motion of a mechanical system under the 
influence of conservative forces, and the Schrödinger equation.  
Apparently the huge success of the probabilistic interpretation of 
quantum mechanics during that time (1936) stopped Chetaev 
from pursuing his ideas further.  The author of this work was 
able to make progress in the direction initiated by Chetaev: 

First: The study analyzed the forces that stabilize the motion 
of an electron in an atom.  In particular, it was shown mathemat-
ically that such forces can exert an elastic influence on the elec-
tron by structures (quasi-particles) that arise in the vacuum due 
to the electron’s motion. 

Second: The analysis uncovered the surprising relationship 
between the Schrödinger function   and the precession of the 

quasi-particle’s spin (under the assumption that such quasi-
particle has spin  ). 

Third: Because the frequency of the quasi-particle’s spin pre-
cession turns out to be equal to the atom's natural frequency, this 
naturally suggests that quasi-particles are what give birth to pho-
tons (the term the author proposes for these quasiparticles is 
“sleeping photons”). 

 Fourth: The study developed a non-stationary derivation of 
the Schrödinger equation [4]. 
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