S TN T T g o WA W~~~
l’T

Page 6839.

A NEW APPROACH TO THE FIRST DIGIT PHENOMENON
BY
DENNIS P. ALLEN, JR.

Abstract:- In this paper, we first show by extending the proof of B.J. Flehinger " that the
integers have the first digit property that the primes represented to the base ten also have the first
digit property. We note that R. E. Whitney'”! has also proven this using the logarithmic matrix
method of summability. We then abstract from these two proofs in view of the Peano Axioms to
obtain a (new) definition of what it means to sum a sequence in the spirit of the Peano axioms for
the positive integers (which includes Flehinger's and Whitney's methods as special cases) and
conjecture any method of summation of this very general type assigns the limit log,o((A+1)/4) to
the two sequences s, and t,, where

(a) s, =1 ifn has first digit equal to A else 0, and

(b) t, =1 if the " prime has first digit A else 0.
The conjecture, if true, yields a new explanation of the first digit phenomenon by reducing it to its
first cause: the basic well ordering of the positive integers.

[s there a meaningful way to answer the heuristic question, "What proportion of the prime
numbers have initial digit less than or equal to A?" or "What is the probability that a prime
number chosen at random has initial digit less than or equal to A?" This question was asked by

B.J. Flehinger[1, 3] only with "prime number" replaced by "positive integer". Her question was

occasioned by her interest in explaining a well known phenomenon, first reported by Frank
Benford[4], that the proportion of numbers in tables of physical constants with first significant
digit less than or equal to A is log;o(A+1). She reasoned that "the smallest population which
contains the set of significant figures of all positive physical constants, past, present and future,
must be the set of positive integers" and so that "the explanation for the logarithmic law should,

therefore, lie in the properties of the set of integers as represented in a radix number system".

. . . : : e s 1 . . ‘
Flehinger went on to show that while, if n is a positive integer and P (A) is the proportion of the

positive integers less than or equal to n which has initial digit less than or equal to A, the

/ 1 . . .
limy_ye Pn (A) does not exist, that this sequence is Cesaro summable and we have

lim liminf PS(A) =lim lim sup PX(A) = logio(A+1), where
k—>o n—o k—o n—w
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and so (considering only the main term x/In(x) and reserving discussion of the error term until

later) for 1 <o < A+1, we have

Q'(a,4)= lim P' A
j—> o

a-10

lim L [Zn((A+l)~IOA)—H(10k)

_ J=> OO{T(,,-loi) 0<k(j

+ (z(a-107) - z(10%) ) }

)

lim {‘“(a)ﬂln(m) {0;“[1“( (A+1)i0* 10" ]

= j— o a-10] A+1)+kIn(10)  kIn(10)

[ a-10 _ 10 ] l
In(a)+ jIn(10) jIn(10) J
lim jIn(10) 5 (A+1)10* 10 j
= j— OO{ a-10’ 1<k() k ln(IO) k 1n(10) N

( gllﬁl(lo c')) o IL(E;O)J j }

lim 1 ] 9-4
. — | 4 R + la-1 =1-
= Hw{a ([Z k- 107 j ( )]} 90
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Therefore, we can complete the proof by showing that lim Q"(a,A) = log,o(A+1) for 1 <a <10.
k—o0
But it is easy to see that we can derive the recursive formula

0 (e, A) = lj}'“ 0 (p.A)op + [ 0" (p.A)5p }

a 9

in the same way as it is derived in Flehinger's paper. From this point on the proof is the same,

and so we conclude that

lim Q" (a,A)=log,, (A +1)
k— o

Which completes the proof.
Note that it follows that the probability that a prime will have initial digit A is just
logjo((A+1)/A) for 1 <A <9.

Philosophical Discussion. The logarithmic law is surprising, precisely because, when the

positive integers are represented to the base 10, one tends to think of them merely as finite strings
of digits, that is, as finite strings from the alphabet {0,1,...,9}. But this is to confuse two
completely different semigroups: the semigroup of finite strings from {0,1,...,9} whose first
element is not zero (under concatenation) and the semigroup of positive integers. The former is a
right ideal of the free semigroup of all strings on this alphabet [7] while the latter is given by the
Peano Axioms [5] which stress the unique well order of the positive integers. Of course, the
primes are defined recursively (in that multiplication is defined recursively), that is, in terms of

| the natural order of these numbers. And not just defined recursively, but deeply recursively in the
sense that the primes are fundamental in the structure of the positive integers which is why the
fundamental theorem of arithmetic has that name. Thus, it is, perhaps, not too surprising that the

primes also satisfy the logarithm law.

We are indebted to Professor R. A. Raimi for the information that in 1972 R. E. Whitney
published a paper [2] in which he uses the logarithmic matrix method of summability to define a
density function and then he uses this density function to show that the relative logarithmic

density of the primes with initial digit A in the prime is log;o((A+1)/A). This logarithmic matrix

method of summability is stronger than the Cesaro method used here([8], p. 524).
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Condition (b) of our definition is also clear, but conditions (¢) and (d) may not be. We

would explain them as follows: for each positive integer n there exists weights W, ;, W, ,...,W

nn

such that
b,=Wyia; + Wyoa + ...+ W, a, and with W, ;>W ,>.. . >W >0.

Thus, if we set W;; =0 for j > i > 0, we have that W;; is a lower triangular Toeplitz matrix.
Clearly, whenever the limit of a sequence is obtained by a regular method, this limit cannot
depend on any finite number of the values of the terms of the sequence. Thus we can weaken this

condition for the Toeplitz matrix to read: there exists k > 0 so that we have W, ,> W, 1>

Wime2= ... Wi, > 0 whenever n > m > k, and still have equivalence.
. ; —_ - M @ . .
The author conjectures that if either of the two sequences a, ora, issummed inthe
.08 5 . . (1) . :
spirit of the Peano axioms, then the result is log;o((A+1)/A), where a, =1 if the n® integer has

initial digit A when represented to the base 10 and otherwise equals 0, and where a (nz) =1 if the
n" prime has initial digit A when represented to the base 10 and otherwise equals 0.

The truth of the first part of this conjecture means that if positive integers are used for
counting with the 1's before the 2's, the 2's before the 3's, ... , and the 8's before the 9's (this
condition, of course, rules out, for example, the case of seven digit telephone numbers which
never begin with a 1) or for addition in such a way that the set of all integers used is closed under
addition provided that the sum is not too large (where all sufficiently large integers are
unimportant) or if a set of decimal numbers is used which is closed under addition of numbers
whose sums are not too large and with the numbers having a bounded number of non-zero digits,
then the subset of important integers has (approximately) the first digit property of Benford.
(Here in the case of decimal numbers with a bounded number of non-zero digits, the subset of
important integers has as members those which are obtained from at least one important decimal
number by multiplying it by 10" where k is the smallest nonnegative integer making this product
also an integer.) However, if the numbers are not used this way (in the spirit of the Peano
axioms), the subset of important numbers need not satisfy Benford's law. As an example of this,
the set of all finite strings of digits from the alphabet 0,1, ..., 9 whose initial digit is not 0 is (as
mentioned above) a semigroup under concatenation in which the natural probability of a string
having initial digit A is 1/9, and it can be embedded in a type of semidirect product of the
semigroup of positive integers with itself (which also is a semigroup) in such a way that the

multiplication is preserved [9]. Thus the higher algebraic operations need not preserve Benford's

law at all; they can lead far from the original Peano axioms defining their constituents.
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