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Abstract

In this paper it is described how the Ampere Force Law can be applied to Ampere’s Bridge.
A detailed derivation based upon a paper by Wesley is being done.

The results are questioned by Jonson, who promotes a usage of Coulomb’s law.

However, both proposals can account for forces of the order measured by Pappas and
Moyssides in the early 1980s. It is up to the reader to choose model.

Finally, the law usually being used in order to predict forces between electric currents, the so-
called Lorentz force, fails completely to predict the properties of the force.

This paper is mainly based upon a 20 years old paper by the author of this paper.
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1. Motives for analysing electric circuits again.

It has widely been believed that basic electricity and magnetism was dealt with and finished
until the end of the 19™ century, though completed using the Special relativity Theory in the
beginning of the 20",

It is also widely believed that all the ‘great masters’ of electricity, as Coulomb, Ampeére,
Maxwell, Lorentz, Einstein et al all agree about basic matters. The new generations only add
some features though defending principally the old theories.

However, it can easily be remarked that Ampeére very early is presenting experimental results
which are deeply inconsistent with the theories of Maxwell and Lorentz.

For example, Ampére describes [12], [23] how a metallic ‘boat’ is floating along the current
in a mercury trough The Lorentz force, based upon Biot-savart’s law does not explain that
movement. In this paper further evidence is given that the Lorentz force is unable to give
credit to “parallel forces’ between currents.

Wesley principally succeeds in using Ampére’s law in this respect, whereas Jonson does the
same using Coulomb’s law.

Hence, it seems to be an important actual task to begin analysing electric circuits and the laws
explaining their behaviour. Back to the 19" century again!
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2. Methodology
In order to attain an expression for the force between the two parts of Ampere’s Bridge it
is necessary to divide the work into several steps. Since the shape of the circuit is
rectangular it is convenient to integrate the contribution to the total force between each
linear part of the first part and the second part. This work has already been done in
preceding papers [1], [6], [11] but the steps have not been accounted for individually. Due
to the tedious work needed in order to replicate all the integrals, the detailed computations
will hereby be presented, including all the steps. It is more fair play between scientists if
making it easy for the reader to judge the claims with the aid of easily verifiable
expressions.
Below both the theory given by Wesley [1], based upon Ampére’s Law [12] and the
theory given by Jonson [6], based upon Coulomb’s Law, will be used in order to attain an
expression for the force between the two parts of Ampére’s Bridge.

2.1. Wesley’s method.

Wesley [1] basically uses Ampere’s law in his analysis of a set of Ampére’bridge..

It may also be mentioned that Jonson has been consulting Wesley himself in order to
check that the integrals were performed in accordance with the method used by Wesley
Regrettably, Wesley is not more among us. However, the paper by Wesley appeared to be
very usable in order to define the integrals to be done.

2.1.1 Ampére’s Bridge according to Wesley. Configuration being analysed.

The numbering of the branches of the bridge obeys the paper by Wesley [1], [20].

If going counterclockwise, the order by Wesley is 1,2,5,6,7,10 whereas Jonson uses the
order 1,2,3,4,5,6 [9].

2.2. Jonson’s method

Jonson [6] basically performs the integrals using the same mathematical definitions as
Wesley. This is possible, since the integrations to be performed are straightforward
integrals using Cartesian coordinates. Parts of the Wesley results can also be used in the
integration work, since Jonson’s theory uses the same term as one of Wesley’s. This also
indicates that there are many common features in the results of Wesley and Jonson.
Otherwise it is unlikely that both the theories would have been able to predict
measurement results with a reasonable accuracy.
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3. The Check of the Wesley result for the force within Ampére’s Bridge.

3.1. Definition of variables that appear in the expressions for the force upon Ampére’s
Bridge.

Since the approach by Wesley [...] has appeared to be very usable in order to compute the
contributions to the total Ampére force from each element of the circuit, it seems convenient
to use the definitions of variables he gives in his article. But in the further analysis it has
appeared necessary to add other completing, mainly geometric (Cartesian) variables.
Wesley gives two fundamental expressions for the computation of the force, one using line
integrals, the other using volume integrals. The choice of form depends of whether the
distances between the two parts of the circuit are close to each other or distant. In the first
case the line approximation is inappropriate; in the other it is usable.

The expressions, referred to as ‘Ampere’s original differential force law’ [ 1b] are as follows:

d°F o J,ed J,eF)J, oF

d’r,d’r, =r(=2 Zr3 1+3( 2 r)gl )) o
2 1
_ ds, eds 5. e 7)(ds, oF

&F = 1,172 e L @)

£ Ho

4
which is customary. That causes some work at the very end when comparing the theoretical
resultsdue to the formula and the measurement results, but that works, too, of course.
The first term will hereafter be referred to as the ‘a term’ and the second term the ‘b term’.
To be noted is also that since the same current goes through the whole circuit (excluding the

It has to be remarked that Wesley prefers to use the coupling constant one instead o

current source), [/, =1, and|jl| = |j2 , simpler written J, = J, 3)

Further on, since the whole circuit is supposed to lie in one and the same geometrical plane,
coordinates may be chosen so that z=0 4)

Actual coordinates of parts of bridge being analysed will directly be picked from the figure in
respective case without further reasoning, as is for example being done below in section 3.1.1
when inserting M as y variable.

Since in all cases the y component of the force is being analysed, for simplicity all the
results due to Eq. (1) and (2) treated below will mean the y component.

Thus, instead of always writing d*F eii = ........ it will simpler be written dF =.......
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Figure 1: Ampeére’s Bridge [1], [20] (Wesley) , [9] (Jonson)

As can be inferred from the figure, the integrals involving the branches 2-5 and 10-7
respectively demand usage of Eq. (1) while all the other combinations demand Eq. (2).

Please observe that the current source in the middle of branch 1 is denoted by the abbreviation
‘CS’.

In previous papers [6], [11] it has just been referred to the integrals that they have been
performed. So did also Wesley [1]. In the following sections these will be demonstrated.
3.1.1. Integral from branch 1 to 6(excluding the effect due to the current source in
branch 1 see chapter 5.3.1))

In this case

ds, = (dx,,0,0) (5)
ds, = (~dx, ,0,0) (6)
r=(x,—x,M,0) 7
r=y(x, —x)* + M? (8)

Performing the integration x, goes from 0 to L and x, too, goes from 0 to L.

3.1.1.1. The Second Ampere Law Term from Branch 1 to 6
Applying integral (2b)

_ _ 2
gives dZFHM = IZM'”3( (x, —x) )dx‘dfz 9)

0 ((x, —x,) +M)?
In order to solve the integration, the formula

d dv  du
—Wv)=u—+=+v— 10 13
dx W) dx ’ dx (10) [13]
has to be applied, preferably by first integrating one step and rearranging the terms:
dv du
u—dx =uv—|v— 11
J dx J dx (h

Defining f = ((x, —x,)> + M?*) (12)
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5 3
Having a term f* 2, it seems reasonable to search for a primitive function f* 2, which after

differentiation with respect to x, (the order of integration arbitrarily chosen) gives
_3 f% a (13)
2 dx,
Since L/ —2(x, —x;) (14)
dx,

3(x2 _xl) (15)

5
2=
((xz _x1)2 +M2)
which appears to be equivalent to a dominant factor of the integrand.
The remaining factor is —(x, — x,) (16)
- 3(x2 - X )

expression (13) develops to

be equivalent to the variable % in the formula (10)
X

Letting the term 5

2=
((xz _x1)2 +M2)
above, u = (x, —x,) 17)
The integral (9) may now be identified with respective parts of Equation (11).
Hence,

L L 2
_ 3(=(x, —x,)")dx,dx
szHé,b =I'M J J. : : 1 52 =

T (e = x,)t M)

2% s 0 F L 3((x, = x)
dF e, =M [ | 2 (x, — x, )y dx, (18)
10N (x, —x,)F + MP)?

thus equalling

P =((ry ey M(Cry )2+ M2)2). ) '

L L
dx,dx
'] =) (19)
R (o, — )+ M)
The two right hand terms must be solved separately.

The second integral may be treated first due to its more simple form. This is preferably done
by making the variable substitution x, —x, = M tan ¢ (20) , which in turn implies that

Mdo
cos’ @

—dx, = 1)
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The boarders are transformed as x, =0 = M tanp = x,, ¢ = tan and
-1 xz - L .
=L=>Mtanp=x,-L=¢=tan respectively (22)
Integrating first the right term with respect to x, gives
1x-L ox-L

L tan 7 _ tan IT _
-°M [ dx, | Mzd(p 1 ——-I*M jdx2 [ ==%ap

X,=0 —1% cos 2 x;=0 -1%2

2 p=tan”! "% (M tan’ @ + M> ) P pman

(23)
.. : X, X,
Realizing that sintan™ — = ———— (24)
V (x22 +M?)
-L -L
and sintan™ 22~ = P (25)
Ve, =Ly + M7)
the expression (23) above simplifies into
L
1 X, —L X

M [ dy (e (-2 =) (26)

+
g M, LM M
This expression can easily be integrated, since the numerator is equal to the inner differential
of the denominator with respect to the x, dependent term in both cases. Hence, (26)

1 L
simplifies to— IZMW(G f x22 +M2 —\/(xz —L)Z —|—M2 )) _ (27)

2
finally leading tolﬁ (2L +M?* +2M) (28)

The first integral will now be treated:
3/2
! M([ = (=2, )dxy [((xy=x,)* +M %) )

I*M j P it ) 2 yax, (29)
00 (x, =L+ M2 (x,) +M?)?

The primitive functions are easily attainable and, hence (29) develops to

PM (1 (ty= L)+ M =1/ x,2 + M ) (30)

T o
+

Now , by adding the first integral to the second, Eq.(18) can be finally simplified to

BF gy =121+ () 4o (32)
’ M > +M?

which develops to I’M (— —
M

3.1.1.2. The First Ampere Law Term from Branch 1 to 6
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2dx,dx,

Applying integral (2a) gives d ZFHM =I'M J.J. 3
(o, —x)t M ?)?
Following the example of Eq.(19) above, the result may straightforwardly be written

fﬁ%ﬂzﬁm$vui¥—4> (34)

3.1.1.3. Both Ampere Law Term from Branch 1 to 6
By summing the now the two contributions above, Eq.(32) and (34) respectively, one attains
the total Ampere force from branch 1 to 6 (excluding the effects due to the current source)

PFn =IO+ ()~ (33)
+

3.1.2. Integral from branch 2 to 7
In this case

(33)

ds, = (0,dy, ,0) (36)
ds, = (0,~dy,,0) 37
F=(L,y, = »,0) (38)

r=y(y,—y) +L (39)

Performing the integration, y, goes from 0 to N and y, goes from N to M.

3.1.2.1. The Second Ampere Law Term from Branch 2 to 7
Applying integral (2b)

N M
gives Fz_ﬂ’b =1’ j J

3(—(y, - yl)3 )dy,dy,
5

(40)
WO (=) L)
In order to solve the integration, the formula
d dv  du
—Wv)=u—+v— 11 13
dx( ) 2 (In [13]
has to be applied, preferably by first integrating one step and rearranging the terms:
dv du
u—dx =uy— | v— 12
J dx J dx (12)
Defining f = ((y, =) + L*) (41)

5 3
Having a term f* 2, it seems reasonable to search for a primitive function f* 2, which after
differentiation with respect to x, (the order of integration arbitrarily chosen) gives
_3 f% ﬁ
2 dy,
Since jl =2y, —-») (43)

Yy

(42)

30, =) )

((x, —x,)" +M?)?

expression (42) develops to
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which appears to be equivalent to an immense factor of the integrand.

The remaining factor is —(y, — y,) (45)
Letting the term —30, =) — be equivalent to the variable ? in the formula (10)
2 X
(v, =y +L%)?
above, u = (y, =)’ (46)

The integral (40) may now be identified with respective parts of Equation (11).
Hence,

N M 3

= 3=y, —»,) )dy,dy

F2—>7,b:12 J’ J’ 2 1 152 _
nOT(y, _y1)2 +1°)?

N M

_ 3(—(v. —

F2a7,b =I j j 0, =) 5 (r, _y1)2dy2dy1 =
O (=) + 1))

3 Y 3 M
I’(- > = )-
(=N (1 =N+12)2) (02 M, +12)?)
]Iv AJJ @, -y vy, @7)

O (=) H L)
The two right hand terms must be solved separately.
The second term may first be integrated one step with respect to y,. Thereafter it remains only

integrating one step more for both terms.
3 1

Having a term f 2 it seems reasonable to search for a primitive function f 2 which after
differentiation with respect to y, (the order of integration arbitrarily chosen) gives

3
—lf 4 (48)
2 dy,
Since j—f =2y, -y, 49)
1
3
expression (48) develops to 1 *(y, —,) 49)

(y,=») (50)

3

(v, =) +L°)?

which also may be expressed as

! 1

Hence, the primitive function to the second term is f 2= — (&)
\/((yz - yl) +L
Now it is possible to further simplify Eq. (47) by inserting the result (51).
1 N
M 2 2 2N\3/2
I*( jdyz(—((h—)’l) (=) +L7) 5 2) ) (52)
. \/(J’z_)ﬁ) +L

»n=0
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Inserting the values of y, into (52) now gives:

~(y,-N ’ 2 2
F2—>7b_[2J.( ) 7T = 2 )dy,
I e L R
(33)
In order to solve the integration of the two first terms, the formula
d dv  du
—Wv)=u—-+v— 10 13
dx( )= 2 (10)  [13]
has to be applied, preferably by first integrating one step and rearranging the terms:
dv du
u—dx =uv—|v— 11
-[ dx -[ dx (b
Defining f = ((y, - N)* + L*) (54) for the first term, the second term will be treated

in the same way by setting N =0
3 1
Having a term f* 2, it seems reasonable to search for a primitive function f* 2, which after

differentiation with respect to x, (the order of integration arbitrarily chosen) gives

S d
f ) (55)

&mefizﬂh—N) (56)

%)

(y, =N)

expression (55) develops to — 57

3
(v, =N)* +L*)?
which appears to be equivalent to a dominant factor of the integrand.

The remaining factor is —(y, — »,) (5%8)
-(y,—-N
Letting the term o2 ) - be equivalent to the variable % in the formula (10)
(7= N)? 4172 i
above, u =(y, = »,) (59)

Hence, the contribution to Eq.(53) from the two first terms will be:

-, -N) Y

M
F,_,,, (twofirstterms) = I’ I ( 3 (y,-N)+ 32 )dy,=
Ny =N L) ()" +17)°

Py =N (s =N+ P () (3,2 + 1)), -
T dyz + Aj‘f dyz _
=M A W, _N)2 + 1 y,=N \lyzz + I

M —-N M

— + N )- T b, + Aj{ Y,
\/(M—N)2+L2 M+ 1 \/N2+L2 yz:M\/(yz_N)2+L2 yz:N\/y22+L2

I*( (60)
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1
x+(x*+a?)?

[13b]  (61)

which through usage of the integral J‘Ll =In
(x2 +a? )E

gives
M-N M N

- +
JM=Ny¥+L, M>+1* N*+1I°

P (= In(yy =N+ (3= N>+ L2 )+ In(yy+4 y >+ I ), @

)+

sz’ , (twofirstterms) =1 (

It remains then to integrate the two two last terms of Eq. (53).
which in the case of Eq. (53) gives for the two two last terms

_ , -2 2
F,,,, (twolastterms) = I J. (

+ )dy2:
vy O =N A )

M
12 ((_ _ _ 2 2 2 2 63
(-210(r,~ N4y (7, =N+ L2 210(ry v, + L)) )
Summing the results from the two first terms to thte two last terms of Eq.(53) accordingly
gives
~ M—-N M N
Fy =1 X

- +
JM=Ny¥+L, M>+* N*+I°

P (3I0(r,~ N4y (7, =N+ L )3 In(yy 4y vy +17)) @

Performing the evaluation of the two last terms consisting of primitive functions, between the
given boarders, gives

)+

anmb:
I M-N M N _3lnM—N+w/(M—N)2+L2)+3lnM+\/M2+L2)
JM =N +L, IM*+1> JN?+D L N+~+N2+ 1

(65)

3.1.2.2. The First Ampere Law Term from Branch 2 to 7
T 20, =y)dydy
=1 [ SRR (66)

T ()T )

Applying integral (2a) gives F,

3 1
Having a term f* 2, it seems reasonable to search for a primitive function f* 2, which after

differentiation with respect to y, (the order of integration arbitrarily chosen) gives
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3
1 £ a (48)
2 dy,
Since L/ 2y, =) (49)
dy,
3
expression (48) develops to 1 *(y, —»,) (49)

=) (50)

3
(v, —y)* +L")?
Hence, integrating with respect to y, gives

which also may be expressed as

M N
3 -2 2,72
e =1 y_[N(Z/\/(yz —yl) + [ )y:0 (67)
: _ L0 2 2
which developsto F, ,,, = [ (68)

( - )
v N0 =N AL, P2
Using again integral (61) gives the result

Froa = PQIn(y,~ N4/ (7, =N +12))_ ~21n(yy 4+ 3, + ) )

(69)
, M —N++(M-N)* + 1’ M+~M? + I*
70 =172In 2In——m—)
L N+NN* + I
(70)
3.1.2.3. Both Ampere Law Term from Branch 2 to 7

By summing the now the two contributions above, Eq.(65) and (70) respectively, one attains
the total Ampére force from branch 2 to 7

Evaluation gives F,

Fy =
I M—-N M N _lnM—N+w/(M—N)2+L2)+lnM+x/M2+L2)
JM =Ny} +L, M>+* N*>+I L N++N? + I

(71)
3.1.3. Integral from branch 10 to branch 5
The integral from branch 10 to branch 5 has been chosen directly after the case with branch 2
to branch 7, since they show great similarities. Please compare with section 3.1.2, Eq. (36) to

(39).

In this case

ds, = (0,-dy,,0) (72)
ds, =(0,dy,,0) (73)

r=(L,y, =0 (74)
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r=y(y,=y) + L (75)

Performing the integration y, goes from 0 to N and y, goes from N to M.

As can be seen, the sign has been changed in the first two equations and in the third one the
sign before L has been changed. In writing eq. (2) for this case, all these changes appear in
pairs, and therefore, cancel.

Therefore, one is able to write down the final result without performing any calculations, i.e.
F =F, ;=

105

) M-N M N M —~N++(M-N)*+ 1 M+VM?+ 1

1 - - - - + - - —1In )+1In - - )

JM =N +L, IM*+1> JN?+L L N+vN*+L
(76)

That can also be expressed by saying that the integral from branch 10 to branch 5 is
symmetric with respect to the integral from branch 2 to branch 7.

3.1.4. Integral from branch 1 to branch 5 (excluding the effect due to the current source
in branch 1 —please see chapter 5.3.3)

In this case

ds, = (dx, ,0.0) 77)
ds, =(0,dy,,0) (78)
f:(l’_xlayzao) (79)

r=+(L-x)" +y22 (80)

Performing the integration, x, goes from 0 to L and y, too, goes from N to M

3.1.4.1. The Second Ampere Law Term from Branch 1 to 5 (excluding the effect due to
the current source in branch 1)
Applying integral (2b)

L M 2
3 L—x)dxd
sh 212 J. J. y2 ( ]) 1 .);2 (81)

gives F|
T (L-x) )

Defining f = (L —x,)* + y,") (82)
5 3

having a term f 2 it seems reasonable to search for a primitive function f 2 which after
differentiation with respect to x, (the order of integration arbitrarily chosen) gives

3 =4
—2f a5 (14)
2 dx,

Since 9 _ -2(L—-x,) (83)
dx,

3(L-x,)

expression (14) develops to (84)

5
((L _x1)2 +y22)2
which appears to be equivalent to a dominant factor of the integrand.
The remaining factor is (L —x,)’ (85)
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3(L-x,)

Letting the term .

2=
((xz _x1)2 +M2)
above, u = y22 (86)
The integral (81) may now be identified with respective parts of Equation (12).
Hence,

. ,2j T 37, (L= )dndy,

be equivalent to the variable ? in the formula (11)
X

F . =

1-5,b

T (L= x)t 4,

P 3y (L) )

M M 2
d d
1%( I %_ j y2_y2é) (87)
»=N 72 y2=N (L2 +y22)2

The first term easily develops to I° (ln Vs )M L= I*(In %) (88)
2=

The second term may be solved if assuming that
3 1

having a term f' 2 it seems reasonable to search for a primitive function f 2 which after
differentiation with respect to x, (the order of integration arbitrarily chosen) gives

3

1 £ qar (55)
2 dy,

Since a4 =2y, (89)

dy,
expression (55) develops to — % (90)

(L +3,)?
which appears to be equivalent to a dominant factor of the integrand.
The remaining factor is y, 91)
Letting the term — b - be equivalent to the variable ? in the formula (11) above,
(L2 +3,")? i

u=y, (92)

M M
/ dy
The second term thus becomes 17 (( 2 + L2 — ——2 ) (93)
y2 / )/2 )y2=N yZJN /yzz gy

Using the integral (61) the right term can be rewritten and

M N _ln(M+\/M2+L2)
IM?+ 12 AN +12 N+N 4+
Adding the two terms (88) and (93), thereby taking account that gives the total integral

M N _lnM+\/M2+L2) (95)
IMP+L, AN*+12 N+JN*+I

Eq. (93) now develops to 77 (

(94)

F

1-5,b

212(1n£+
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3.1.4.2. The First Ampere Law Term from Branch 1 to 5 (excluding the effect due to the
current source in branch 1)

In this case there will be no integral (2a), since ds, is perpendicular tods, .

3.1.4.3 Both Ampere Law Terms from Branch 1 to 5 (excluding the effect due to the

current source in branch 1)
Due to the statement in 3.1.4.2 Eq. (95) expresses also the total integral and hence,

. M M N M +\M? + I

F . =I"(In—+ In ) (96)

" N JMiiL, N+ NN LD

3.1.5. Integral from branch 1 to branch 7 (excluding the effect due to the current source
in branch 1-please see chapter 5.3.2)

The integral from branch 1 to branch 7 has been chosen directly after the case with branch 1
to branch 5, since they show great similarities. Please compare with section 3.1.4, Eq. (77) to

(80).

In this case

ds, = (dx,,0,0) 97)
ds, =(0,—dy,,0) (98)
F=(=x,7,,0) 99)

r=qlx’ 4y, (100)

Performing the integration, x, goes from 0 to L and y, too, goes from N to M

In this case

3.1.5.1. The Second Ampere Law Term from Branch 1 to 7 (excluding the effect due to
the current source in branch 1)

Applying integral (2b)
L M L M 2

gives szb _ 2 J' J’ 3y, (=x,)( yz)dxléd)ﬁ e J’ J' 3y, x1dx1dy2§ (101)
()7 +0,)? () )2

However, integrating a function of x, between 0 and L is equal to integrating the same
function with argument L — x, along the same interval, as is being done in Eq. (81), due to the
case with branch 1 affecting branch 5. Hence,

~ — M M N M +NM? + 1

F,,=F_,="(In—+ -~ ~In )
o JMP+L, IN'+2 O N+IN AL

(102)

1-7.,b

3.1.5.2. The First Ampere Law Term from Branch 1 to 7 (excluding the effect due to the
current source in branch 1)
In this case there will be no integral (2a), since ds, is perpendicular tods, , just similar to the

case with branch 1 affecting branch 5, described in section 3.1.4.2.
3.1.5.3 Both Ampere Law Terms from Branch 1 to 7 (excluding the effect due to the
current source in branch 1)

Due to the statement in 3.1.5.2 Eq. (102) expresses also the total integral and hence,
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LM N _1nM+\/M2+L2)
IMP+L, AN*+12  N+IN*+I°

F

1-7

(103)

:12(lnM
N

3.1.6. Integral from branch 2 to 6
In this case

ds, =(0,dy,,0) (104)
ds, = (—dx,,0,0) (105)
r=(x,—L,M-y,0) (106)
=y, - L) + (M - y,)’ (107)

Performing the integration, y, goes from 0 to N andx, goes from 0 to L.
3.1.6.1. The Second Ampere Law Term from Branch 2 to 6

12 J. J' 3(M_y1) (_(xz _L)dyldxzs (108)

O (M = 1)+ (~(x, ~ 1))?

gives [, o, =

Defining /' = (M - y,)* +(~(x, = L))*) (109)

having a term f 2 it seems reasonable to search for a primitive function f 2 which after
differentiation with respect to x, (the order of integration arbitrarily chosen) gives

3 -~ d
—2f qar (110)
2 dx,

Since i:2(x2 -L) (111)
dx,

-3(x,—-L)

5
(M =y)* +(x, - 1)*)?
which appears to be equivalent to a dominant factor of the integrand.

(112)

expression (108) develops to

The remaining factor is (M — y,)’ (113)
. -3(x,—-L) . : dv .
Letting the term — be equivalent to the variable o in the formula
= X
(M = y)* +(=(x, - L))
(11) above, u = (M — y,)’ (114)

The integral (108) may now be identified with respective parts of Equation (11).
Hence,

s =1 [ (M= (M =3 P+ (L))o=

N
_ 1 1
Fypy=1" [ (M=3)( - Dy, (115)
" (M=-y)?* (L+((M~-y)")?
The first term will be integrated first since it is most simply integrateble. [t may be written

F, ., (firstterm) = I* T;=(—1H(M— ))N =—121nM_N
ENE) Py

(116)
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The analysis of the second term will develop as follows, thereby using the partial integral
formula (11)

2 5 2 ! T dy,
d°F, ,(secondterm) =1 (_((M_y1)/\/(M_y1)2+L2 )v=0_ J: m)

(117)
Applying Eq. (61) upon the last term within this expression and thereafter evaluating
accordingly, gives

M-N M | M—N+J(M—N)2+L2)

+ +1In
JM =N} +I* M?+1 M +(M? + I
(118)

Adding the two terms (116) and (118), gives the total integral

Py =P(mM=N___M-N M MNAM N AL
et M MNP ML M+ (M? + 12

(119)
3.1.6.2. The First Ampere Law Term from Branch 2 to 6
In this case there will be no integral (2a), since ds, is perpendicular tods, , just similar to the
case with branch 1 affecting branch 5, described in section 3.1.4.2.

F. 26 (S€CONdterm) = I’ (-

3.1.6.3 Both Ampere Law Terms from Branch 2 to 6
Due to the statement in 3.1.6.2 Eq. (119) expresses also the total integral and hence,

F. —]2(—lnM_N— M-N + M +lnM_N+“(M_N)2+L2)
o M \/(M—N)z + I M+ I M +(M? + 1

(120)

3.1.7. Integral from branch 10 to 6

The integral from branch 10 to branch 6 has been chosen directly after the case with branch 2
to branch 6, since they show great similarities. Please compare with section 3.1.6, Eq. (104) to
(107). In this case

ds, = (0,~dy,,0) (121)
d5, = (~dx, ,0,0) (122)
r=(x,,M —y,,0) (123)
r=yxt (M - y,)? (124)

Performing the integration, y, goes from 0 to N andx, goes from 0 to L.
3.1.6.1. The Second Ampere Law Term from Branch 10 to 6

Applying integral (2b)

gives

= 2 T 3(M—y1)2x2dy1dx2

Foyep =1 J. J. B (125)

P (M = y)) +x,)?
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However, integrating a function of x, between 0 and L is equal to integrating the same

function with argument L — x, along the same interval, as is being done in Eq. (108), due to
the case with branch 2 affecting branch 6. Hence, using Eq. (119) for the result of Fz_)&b ,

M- M- M M—-N++(M-N)*+1
Foser =Fo6p = ]2(_1n N N +In ( ) )

- +
M JM-NY+1 M+ M+ (M?* + I2
(126)

3.1.7.2. The First Ampere Law Term from Branch 10 to 6
In this case there will be no integral (2a), since ds, is perpendicular tods, , just similar to the
case with branch 1 affecting branch 5, described in section 3.1.4.2.

3.1.7.3 Both Ampere Law Terms from Branch 10 to 6
Due to the statement in 3.1.7.2 Eq. (126) expresses also the total integral and hence,

_ N M-N M | M—N+1/(M—N)2+L2)

Flo s :F2»6 212(_1nM_

- + +In
M JM-NY+ M+ D M+ (M? + 12

(127)
The sum of all the contributions thus far (from parts of the bridge far away from each others)
is: (thereby using Wesley’s notation [4]):

M-N N L
—In—=—1In(1+ 1+ (=)? 128
7 ( (M) ) (128)

L
F'=2I*(J1+(—=)* =1n
( (M)

This expression has to be added to the contribution from the parts of the bridge that are in
close contact to each others, i.e. 2 —> 5 and 10 — 7 respectively, Eq. (306).

3.1.8. Integral from branch 10 to 7

This case is more difficult to treat than the preceding ones, since here these two branches (like
2 to 5) come close to each others and therefore they can not be treated as thin conductors
consisting of a line. This means that volume integrals will have to be used, involving
principally the three Cartesian variables of both branches. The integral formulas are defined in
Eq. (1). Since the y component of the force is requested, the scalar product has to be taken
with # = (0,1,0) (129)

While 7 =(x, =X, ¥, = ¥,,2, — 2;) (130)

as in the preceding cases treated above,

since in all cases the y component of the force is being analysed, for simplicity all the
results due to Eq. (1) and (2) treated below will mean the y component.

Thus, instead of always writing d°F e i S s it will simpler be written d°F = ........
In this case

ds, = (0,dy,,0) (131)

ds, =(0,dy,,0) (132)

F=(X, =X, Y, = V1,2, — ) (133)

r=y (=3 (1, — v+ (2, - 2,) (134)

By practical reasons the two last terms below the root sign will be called
A =(x,—x,) +(z, - 7)° (135)
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3.1.8.2. The First Ampere Law Term from Branch 10 to 7
Using Eq. (1a), this leads to

3

t M w t N w
_ —2(v. —
oy, =t [dz, [dy, [dx, [dz, [dy, [dx, 220, =5 (136)
;=0 V=N x;=0 z=0 =0 x=0 r
Integrating first the integrand first with respect to y, gives the primitive function
M 2 2
2/7),.,= 2 2 = 2 2 2
PN M=) (= x) (2 -2)° J(N=p) +(x, —x,)> +(2, - 2,)
(137)
Integrating in the next step with respect to y, gives the result

_ ‘ PR M —N++(M~N)*+4° A
F,,, =J° |dz, |dx, |dz, |dx,(-2log +2log————)
T jo ZXL 221[0 IXIL) 1 M +IM? 1 22 NN+ 42

(138)
The remaining four integrals will follow.

3.1.8.3. The Second Ampere Law Term from Branch 10 to 7
Using in this case Eq. (1b)

t M w t N w 3
- 3y, =)
Fo, =77 [dz, [dy, [dx, [dz, [dy, [ax, =2 (139)
z=0 =N X, =0 z=0 »=0 x=0 r
3.1.8.3.1. Integrating with respect to y,
5
Having aterm f 2, f=r> (140)
3
it seems reasonable to search for a primitive function / 2, which after differentiation with

respect to y, (the order of integration arbitrarily chosen) gives

(141)

Since j—f =2y, =) (142)

%)

=3y, =) (143)

5
(v, _y1)2 +4%)?
which appears to be equivalent to a dominant factor of the integrand.
The remaining factor is (y, — y,)° (144)

3=

expression (141) develops to

3 be equivalent to the variable % in the formula (10)
(v, =y)* +47)?
dv 3, =)
3
((», _y1)2 +A4%)?
u=(y,-y) (146)

Integrating accordingly one step with respect to y, , thus using the formula for partial
integration (11) gives the following result for the primitive function:

Letting the term

(145) above,
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v 2y, )
~(2=2) M=) +4)") - | 94
yz_N(()’z_yl)z"‘Az)z

3.1.8.3.2. Integrating with respect to y,
1
The last term being ~ f 2 = r°, it seems reasonable to search for a primitive function f 2,

which after differentiation with respect to y, (the order of integration arbitrarily chosen) gives

Ly d (148)
dy,
Since A =2(y,—») (149)
dy,
3
expression (143) develops to — f 2(y, —»,) (150)

-y, =») (151)

3

(v, —») +L*)?

which also may be expressed as

Hence, Eq. (147) develops to

t w t N w 5 5
a M — N —
T
7=0  »=0  z=0  »=0 x=0 ((M_y1)2 +A2)2 ((N—y1)2 +A2)2
- 2 (152)

( —
J M=y~ JN=y) + L
By practical reasons the next integration step, using y, , one may solve each term separately,

calling them by Roman numbers I, II, III and IV respectively.
Using the partial integration formula (11) gives:

T _(M_y1)2

MM = p) + A7 )2

D =—((M - yl)/\/(M ~1) +A2 *I\/m

(153)
which may further be developed and accordingly, evaluated, thus attaining

- M —N++(M-N)*+4°
M-N M 1 ( ) (154)

- + + log

JM =Ny + 4 M?+ 4 M +M? + A4
Performing in the similar way with term II of Eq. (152) gives accordingly:
- N —log 4 (155)

NN+ A2 N++N?*+ 42

Term III can be straightforwardly integrated:

T —2dy, . M — N+ (M -N)* + 4
= Og
o (M = y))? + 42 M +~M? + 4

Following this example term IV accordingly becomes

(156)
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N
2dy, “log—— A (152)

yl'[ox/((N—yl)erAz N+VN?+4°

Summing now the contributions (138), (154), (155), (156) and (157) will give the total
result due to both Ampére Law terms after having integrated with respect to both the y
vatriables:

M M—-N N
Foy=J szzhjszzjodz‘ de‘ Mo a J-Ny 4 N ’

M =N ++(M-N)*+ 4* | A )
—In
M+M* + 47 N+~+N*+ 4°
If the contribution from the branches 2-5 is added, we get twice the expression, which is

simultaneously what Wesley [2] has attained. We begin with 10-7 (all variables beginning
with zero)

Wesley [2] in his solution makes use of the mean value theorem for integrals for
w—>0,t—>0, orfor R— 0, where I = Jwt (159)

This makes it possible to simplify Eq. (158), thereby using (135), to

In

(158)

R M t w t w
Fo, ;12(—1—1ogM_N+1ogzz\1)—,/2 [dz, [ax, [z, [dx,In(Cx, —x) +(z, - 2,))

z,=0 X,=0 =0 x;=0
(160)
By practical reasons the last terms will get a name according to:

F'=-J? [dz, [dx, [dz, [dx,In((x, =x))" +(z, = 2)") (161)
z,=0 X,=0 z=0 x=0

Now remains four integration steps, which will cause some tedious calculations, which for the
sake of clarity will be shown here.

3.1.8.3.3. Integrating with respect to x,

Wanting to solve the integral using partial integration techniques, which have appeared very
useful thus far, leads to the primitive function

(x, —x)log((x, —x)” +(z, - 2)°)  (162)
Differentiating this expression gives:

ai((xz —x,)In((x, _'xl)z +(z, _21)2)) =
X

2(x2 — xl)

(x, _x1)2 +(z, _21)2
Before integrating with respect to x,, this result may favourably be used in order to begin
solving the integral according to Eq. (161):

Fr=-J jdzz jdzl jdx ((x —x) In((x,—x)* +(z,-2,) ) .

=0 z=0 x=0

In((x, =x,) +(z, = 2)") + (163)

+J° jarz2 jarx2 jdz1 jarx1 20x, =)’ (164)

2 2
=0 x=0 =0 x= -x)" +(z,-z)
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F'(firstterm) = —J* jdzz jdzl del (w=x)In(w=x,)* +(z, —2))*) +x, In(x,” + (2, = 2,)*))

z,=0 z2=0  x;=0

(165)
The second term may be developed as follows:

2(x, —x, )2

()C2 _x1)2 +(Zz _21)2

F'(secondterm) = + J* jdzz }dez jdzl 'del

z,=0 X,=0 z=0 x=0

2(22 B 21)2

(x, _x1)2 +(z, _21)2

t w t w
+J? [dz, [dx, [dz [dx (2~ ) (166)
z,=0 X, =0 =0 x=0
The first term of that expression is simply solved; the second requires the usage of the

dx 1 bx
integration formula | ————— = —arctan— 14 167
g I a’+b*x*  ab a [14] (167)
Hence,

F' (sec ondterm) =

t t w
2 W
Now the results due to development of both terms of the integral Eq. (164) above may be
gathered through adding Eq.(165) to Eq. (168):

F' ;—%JZ jdzz jarz1 Idxl((w—xl)ln((w—xl)2 +(z,—z)) +x, In(x,” +(z, —2,)) = 2w+
z,=0 x=0

z=0

w—X

L ¢ arctan— ) (169)

Zy T4 Zy T4

+2((z, — z, )(arctan

(x being used as a local variable during each of the following integrations)
3.1.8.3.4. Integrating with respect to x,

Now there are five terms to be integrated. They will best be treated separately. Due to the
relatively simple shape, the second term will first be treated. Thus,

I:""(secondterm)E—%J2 jdzz jdzl Idxlxl In(x,> +(z, — 2,)%) (170)
z,=0 z=0 x=0
The formula (11) for partial integration will favourably be used in this case. Hence,
1 x, dx
x, In(x,* +(z, —z)* ==x." In(x,” +(z, - z,)*) - [ ————"—"— (171)
J w4 =20t = e =20 - [ s
. x, dx, ) x,dx,
While —J‘—:—J‘xldxﬁ(z2 -z)) I—z (172)

2 2 2
X +(z,—2z) X +(z,—z)

Using the primitive functions of the two integrals of the right hand term, — 1/2)612 and

%ln(xl2 +(z, —z,)?) respectively, Eq.(170) may now be rewritten:

—%JZ jdzz J‘le(%WQ In(w? + (z, —21)2)—%w2 Jr%(z2 —z)  In(w* +(z, —2,)*) -
z,=0 z,=0

1
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—%wz—afhmcz—afn) (173)

Thereafter the first term of Eq. (163) will be treated.

However, integrating a function of x, between 0 and w is equal to integrating the same
function with argument w — x, along that same interval, as is being done in Eq.(164).
Hence,

F"( firstterm ) = F'(sec ondterm ) (174) and their sum will be

F"( firstterm) + F" (sec ondterm) =

—%JZ jdzz jarzl(w2 In(w? +(z, —2,)2) =W’ + (2, — 2,)* In(W* +(z, —2,)*) —

z,=0 z=0

~(z,~2))" In((z, —2)"))) (175)
The third term of Eq. (169) will be very easily treated.

. ) 1 t t w 1 t t
F (thirdterm) = _EJZZJ;Z{ZZZJ:le Idxl (—2w) = —EJZ J:O dz, 1J:OdZ1 (—2w?) (176)

1=0 x,=0 zy= z

The two last terms (foﬁrth and fifth) require the usage of the following integration formula:

Iarctanza’z =zarctanz —%In(1+z%) [15] (177)
N 1 t t w X
F"(fifthterm) = ——J" [dz, [dz, [ 2dx,(z, - z,)arctan— (178)
2 520 z=0 x=0 Z, 4
In order to use Eq. (171) it is obviously needed a variable substitution x = ad (179)
Z, 74
This leads to:
t t wl(zy~21)
F'( ﬁfthterm):—%JZ j dz, j dz, j 2dx(z, — z,)? arctan x (180)
z,=0 =0 x=0

which develops to
L e [ eee-ay ! 235 s

7 1 ] GG (xarctan x—Y2 In(14+x7))
and, finally,
e [dz, [dz,2(z, -z ywaretan—"—— (z, - z,)” In(1 + (——)?)) (182)

2 5 274 Z 7%

However, integrating a function of x, between 0 and w is equal to integrating the same
function with argument w — x, along the same interval, as is being done in Eq.(182).
Hence,

F"(fourthterm) = F"( fifthterm) =

t t
Ly [dz, [dz,2(z, -z warctan —"— = (z, - )" In(1 + (———)?)) (183)
20 D 274 Z %
F"( fourthterm) + F"( fifthterm) =
t t
e [dz, [dz,(a(z, -z waretan—"—-2(z, - 2)) In(1+ (——)")) (184
2 =0 zeo Z, =2z, zZ, =2z,
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Making now the sum of all terms, due to Eq. (175), (176) and (184) it is now possible to
write

F'==4J" [dz, [dz, (W In(w* + (2, = 2,)) =3w + (2, = 2))" In(w’ + (2, = 2,)°). -
z,=0 ;=0

~2(z, —z,)* In(l + (—=

Z; =4 Zy, =2

)")

—(z, —2,)* In((z, — z,)*) + 4(z, — z,)warctan

(185)
This integral will now be solved for one term after another.
Before doing so, it would be practical to first simplify the integrand and put its respective
terms on one row each, as will be done in the following treatment.

F=F+F,+F,+F,+F, (186)

F =-%J? Idz2 Idzl( 4(z, — z, )warctan ) (187)
z,=0 z=0 ZZ _Zl

F, =—%J? jdzz jdzl( —(z, —z,)  In(W* +(z, —z,)*)) (188)
z,=0 z=0

_ t t

Fy =% [dz, [dz((z, ~2) In(z, - 2,)") (189)
z,=0 =0

Fy==%J" [dz, [dz, w*In(w’ +(z, - 2,)°) (190)
z,=0 ;=0

F, =-%J? jarz2 jdzl(—swz) (191)
z,=0 z=0

/

Solving FI (187), the final result given in expression(227)

Beginning thus with the first integral, F,

First one has to observe a property of the integrand that makes it impossible to perform the
integration straightforwardly. The denominator namely becomes zero at the point where

z, =z, . Since the integrand is an arctan function, its value jumps 7 at that point. In order to

succeed with the integral, one has to divide the integration into two procedures, one below
that singular point and one above it. Hence,

t Z2
F =-%J’ szz szl( 4(z, — z,)warctan

z,=0 z=0

)

Z; =4

—hJ? J‘dz2 jdzl( 4(z, — z,)warctan

2,=0 z1=2, Zy 1

) (192)

Using the variable substitution x =

(193) (x being used as a local variable as usual)
Z; 4

it will be possible to use integral (177)
which leads to F, =
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—» x=t

~v? [dz, [ dx(-4() arctanx)dx —2J? [dz, | dx(=4(") arctanx)dx =
71=0  x=-w/z X z21=0 x>+ X
— % J? (—4w?) j dz, j (i3 arctanx)dx  —%J > (—4w?) j dz, j (i3 arctan x)dx
z=0 x=-w/z X z=0 X—>+0
(194)
The next step to be performed is to solve the last integral. That will be done by using both the
partial integral formula (11) and Eq.(177).

wl(t—zy)

(—arctan x)dx = % (xarctan x — % In(1+ x*) — J(—%)(x arctan x — Y In(1 + x*)dx

x=—w/z X X
(195)

Now it is found that two of the terms are the same kind of functions. Hence, one may simplify

Eq. (195) into

j (- %) arctan x)dx = iz arctan x — % In(1+ x%) - j % In(1+ x%)dx (196)
X X 2x X

The last term of that expression may now be solved using partial integration (11), which leads
to:

1 2 _ 1 2 1
[y =+ x) = [ (-

(197)
The last term may be solved by separating into partial fractions:
L S S (198)

2 1+xr X2 1+x°

Hence, Eq. (197) develops to:
1 N ) 1
Jx—41n(1+x Jdx == In(l+ x )—j(—3—3

(199)
Using now Eq. (199) into Eq. (196) gives accordingly:

2x
1+ x?

1 2¢1 1
dx=———In(l+x*)+= | —
3x° ( ) 39 x% 14+ x2

2x
1+ x?

1 2¢cdx 2 dx
dx=———In(l+x*)+=|—=-=
3x° ( ) 3J.x2 3914 x?

2 1 1
I ((——)arctan x)dx = —arctan x + — + arctan x
X X

X
(200)
But going back to Eq. (194) leads now to

d’F, =" 2w") [ dz, a/ x? )arctan x+1/ x+arctan x):_w/z
7=0 “ 1

x=w/(t-zy)

-=J*@w)) [dz, ((1/ x*) arctan x+1/ x+arctan x) (201)

X—>+00;
z)=

Evaluating this expression now gives

w t—z Zy 2 w oz w
+ + arctan —(—)" arctan— + — + arctan— — 1)
t—z w -z w z,w z

Fy =577 w') [dz,((520)? arctan
w

z=0

(202)
This integral will now be solved for one term after another.
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Before doing so, it would be practical to first simplify the integrand and put its respective
terms on one row each, as will be done in the following treatment.

F,, =-%J>2w?) J.dzl(t_izl)z arctan — (203)
2,20 w t—z

7 2 3\ Z1\2 w

Fyyy ==J>@w’) [dz,( =) arctan— (204)
2=0 w Z

o 2 3 t w

F,,=-%J"2w") Idzl arctant (205)
220 —Z

o 2 3 0 w

F,,==%J"2w") Idzl arctan — (206)
220 Z

Fy=—%2@w") [dz, - 207)
z,=0 w

Fy == @w’) [ dz,(-7) (208)
;=0

In the last case the two linear terms (3™ and 6" in Eq. (202)) have already been combined to
one.

In order to solve (203) the following variable substitution will be done: = x . This

t—2z

. w
makes the boarders change: z, =0 is transformed to x =— and z, =¢ to x — oo .Further
t
. w .
one can rewrite dz, = —-dx . Hence, one may now rewrite Eq. (203):
x

F,, =-%J"2w?) Idx iz (arctan x) xlz =-nJ 2w )I dx xi“ arctan x (209)
x=w/t

Using the partial integration formula (11), the last integral of (209) may be rewritten:

1 1 1 1
dx—-arctan x = ———arctan x — | dx(—— (210)
I x* 3x° I ( 3P 1+ x°
In order to proceed, it must first be realized that
I 1 I 1 X
— —— (211)
X 1+ x° x x* 14+x°

Inserting all these partial results into Eq. (209) gives accordingly:
= 4 3 *© 1 K 1 K 1
Fig==%J"Qw)(~1/3x")arctanx) _ + g(—xsz et { bt Jax
(212)
However, this expression may be further simplified after performing the integrals:
Fu, =57 @w'(=1/3x”) arctan x—(1/ 6x%)+(1/ 6) In((1+x?) / x*))

(213)
Inserting the boarder values of the primitive function now gives accordingly:

X
1+ x?

)

©

x=w/t

2 2
Foy =472 @w)E () arctan 2 + L (Ly2 - Lip 20 (214)
3w t 6w 6 w?
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It remains now to solve two integrals in order to finally evaluate Eq. (189). In order to
proceed, partial integration according to Eq. (12) will favourably be used.

Eq. (204) reminds of Eq. (203).It may be recalled that integrating a function of z, from 0 — ¢
is equal to integrating the same function, but with argument t—z, from 0 > ¢.

Hence, £, = F,y, =42 2w') (1) arctan 2+ (1)* = 2n A (215)
W
For the reader’s convenience, however, this is also done here.

In order to solve (204) the following variable substitution will be done: Y _ x . This makes
Z

. w
the boarders change: z, = 0 is transformed to x - o and z, =¢ to x = — . .Further one can
t

rewrite dz, = —lzdx . Hence, one may now rewrite Eq. (204):
X
wlt wlt
F,, =-%J>(2w’) J.dxi(arctanx)(——)— —hJ*(=2w?) Idx ! arctan x (216)
‘X—® X—x0 x

and, hence, F, =F,,, (217)

When now dealing with the following integral, Eq. (205), the same variable substitution as in
Eq. (203) has to be done. This leads to:

=-%J* 2w’ )I dx—arctanx— g (2w?) I dx—arctanx (218)
z=0 =0

Using the partial integration formula (11), the last 1ntegral of (218) may be rewritten

J. dx%arctanx=—larctanx—J.dx(—l) ! 5 (219)
0o X X x 1+x

z)=

In order to proceed, it must first be realized that

LR R S (220)
x1+x* x 1+x7
Inserting all these partial results into Eq. (209) gives accordingly'

Fo, ==%J*2w(—1/ x)arctan x)_ + I e - f iy

x=w/t x x=w/t

) 21)

However, this expression may be further simplified after performing the integrals:

=477 @w*)(=1/ x) arctan x—(1/2) In((1+x2)/ x*)).

(222)
Inserting the boarder values of the primitive function now gives accordingly:

x=w/t

= 2 4 b w 1t +w’
Fiywe =—J (2w )(—)arctan— + —In —) (223)
w t 2 w

Eq. (206) reminds of Eq. (205).It may be recalled that integrating a function of z, from 0 — ¢
is equal to integrating the same function, but with argument ¢ —z, from 0 —¢.

2 2
Hence, d*F,, = d*F,,. =—1/2J2(2w4)((i)arctanﬁ+%1n’ V) (224)
w t w
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The result will, however, this time not be derived especially.
The final integral belonging to Eq. (202), Eq. (207), is very easily performed, since the
integrand is only a constant. Hence,

F, ==%J2w’t?) (225)

In order to simplify the reader’s overview, all the results of integrating Eq. (202) will here
be gathered:

The result is:

2 4

w2t?

4
2wt + (2wt — 2;” ) In(¢? +w2)+(2v3v 2wt Inw? - 2witr)

_ 4wt 2
F, =-%J? ((WT +4w't) arctan% +

(226)
This result may be further simplified to

2 4

w2t?

4wt 4w

F, =—%J* ((T +4w’r) arctan > +
t
(227)
However, the twoarctan terms will be kept separated from each others, due to needs that will
appear later.

Inw? = 2w’tr)

4
+2wit? +4%ln(t2 +w?) -

Solving Fz (188), the final result given in expression(263)
Beginning thus with the second integral, F,, closer defined in Eq. (188)

Using the variable substitution x =z, —z, (228) (x being used as a local variable as usual)
This makes the boarders change: z, =0 is transformed to x =—z, and z, =¢ to x=¢-z,
.Further one can rewrite dz, = dx . Hence, one may now rewrite Eq. (188):

F, =—%J? j dz, j dx( = x* In(w* + x%)) (229)
z=0 X=-z)

In order to solve this integral, the partial integral formula (11) will be used:

X' 2x

3
X
jarx(x2 In(w® +x°)) = ?ln(wz +x2)—jdx T (230)

The last term of Eq. (230) may be simplified according to the following steps:

2 x? 2 (T +w —w?) 2 o 2, x?
—\|dx =—\|dx =—\|dx(x")—=w"|dx 231
3~[ w? + x? 3~[ w? + x? SJ. ") 3 J w? + x? (231)
2, x’ 2, x+w-w 2, 2 1
Now —w~ | dx =—w |ldx————=—w"|dx——w" | dx 232
3 ’[ wi+x? 3 ’[ w? + x? 3 I 3 ’[ w? + x? (232)
and [ dx L L oretan® (233) [6]
wo+x w w

and, hence, using all these results, Eq. (229) may be rewritten:

=0 i (2 13) In(wP 42 )+ (20 19)~(2/ Bwix). )

=
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47" [d((2/3yw? arctan(x/w),_ )

(234)
Inserting the values of the primitive function above gives

t _ 3 _ 3 _
F =%’ jdzl(—(’ 2 pnw® 4+ (= 2)7)+ 223 20022y 200 arctan T2

z=0 9 3 3 w
t _ 3 _ 3 _
~%J? [dz, (E 1m0 4 (=2 = 2C3 L2y 2 arotan =
3 9 3 3 w

z,=0

(235)
This integral will now be solved for one term after another.
Before doing so, it would be practical to first simplify the integrand and put its respective
terms on one row each, as will be done in the following treatment.

t _ 3

Fy, =—J" [de, (—%m(w2 +(t-2)%) (236)
z,=0

=12 t (=z)’ 2, 2

Fyy == [dz (=) In(w? +(=2,)") (237)
=0

_ ‘ 2 t—z

Fp, =='J" [dz,(Zw* arctan—") (238)
.o 3 w

= 1/ 72 h 2 5 —Z

Fyy, ==2J" [dz, (= w arctan—1) (239)
2o 3 w
t _ 3

Py =0 [z, 20220 921) (240)
=0

_ t 2 _ 3

Fp, ==%J" [dz, (—(TZI)) (241)
=0

n 2 t 2 2

Fy, =—"%J J.dzl(—gw (t—z,)) (242)
z,=0

I 1 2 t 2 2

Foyy ==5J% [dz,(C W' (=2) (243)
z;=0

In order to solve Eq. (236) the following variable substitution will be done: ¢ —z, = x. This
makes the boarders change: z, =0 is transformed to x =¢ and z, =¢ to x =0 .Further one

can rewrite dz, = —dx . Hence, one may now rewrite Eq. (236):
t 3 t
Fyy==2J" | (—abc)(—%ln(w2 +x%)) = —I/ZJZ(%) [ dx(e* Inow” +x7)) (244)
=0 z;=0

Using now the partial integration formula (11), the last integral of (244) may be rewritten:
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5

jdx(x In(w? +x ))——ln(x +w )——jdx - (245)
z,=0 x +w
x° O Ew —w ) 1 soow x?
Now —— | dx =——|dx — | dx(x’)+—|dx 246
J. xt+w? '[ x2 +w? 2'[ ) 2'|. x2 +w? (246)
and —jdx ——jd x(x” + W )—W—zjdx(x)—w—4jdx al (247)
x? +w x* +w? 2 2 x*+w?
4
and further — — j dx = In(? +w?) (248)
x2 +w? 4

These results make it now possible to rewrite Eq. (244) according to:

Fyy, =—%J7 )((x4/4)ln(x )=t 1 8)+(WAx?) [ d—(w* 1 4) In(x> +w?))

=1 (—Elnw —l—ln(t T )+§—W12t %ma ) (249)

This expression can be further simplified:

4 4 £ 2,2

B, =—%J? (——lnw (W——t—)l (@ +w ”Z_let

Eq. (237) remmds of Eq. (236).It may be recalled that integrating a function of z, from 0 — ¢

) (250)

is equal to integrating the same function, but with argument ¢ —z, from 0 —¢.

W4 W4 4 Wz t2

Hence, F,, =F,, =-%J? (———Inw’ + 251
216 214 ( 12 w | 24 2 (251)

The result will, however, this time not be derived separately.

In order to solve Eq. (238) the following variable substitution will be done: fza x . This

w

. t
makes the boarders change: z, =0 is transformed to x =— and z, =¢ to x =0 .Further one

w
can rewrite dz, = —wdx . Hence, one may now rewrite Eq. (238):
Fp, = —%J (- —) j dx(arctan x) (252)
x=t/w
Now Idxarctanx = xarctan x — % In(1 + x?) 177 [15]

Hence, Eq. (252) develops to
Py = (-2 )(((Zw /3)(xarctan x—(1/2) In(1+x )) (253)

Inserting the Values of x into the primitive function gives

F,, arctani——ln(t +w )-l——lnw ) (254)
w2 2

Eq. (239) remlnds of Eq. (238).It may be recalled that integrating a function of z, from 0 — ¢

is equal to integrating the same function, but with argument ¢ —z, from 0 —>¢.
4

- 2w
Hence, F,,, =F,,, =—"%J"( 3

)(i arctan—-— 1 In(t* + w?) + lln w?) (255)
w w2 2
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The result will, however, this time not be derived separately.

Eq. (240) is solved rather straightforwardly. First a variable substitution has to be made:
t —z, = x. This makes the boarders change: z, =0 is transformed to x =¢ and z, =¢ to

x =0 .Further one can rewrite dz, = —dx . Hence, one may now rewrite Eq. (240):

Fy, ==%J? (256)

4
giving thus the result d*F, = —l/sz(i—S) (257)

Eq. (241) reminds of Eq. (240).It may be recalled that integrating a function of z, from 0 — ¢

is equal to integrating the same function, but with argument ¢ —z, from 0 —¢.
_ t*
Hence, F,,, =F,, = _%J2(E) (258)

The result will, however, this time not be derived separately.

Eq. (242) will be solved rather straightforwardly. First a variable substitution has to be made:
t —z, = x. This makes the boarders change: z, =0 is transformed to x =¢ and z, =¢ to

x =0 .Further one can rewrite dz, = —dx . Hence, one may now rewrite Eq. (221):

Fy, = =J° (—) j( d)(x) (259)

wt

3
Eq. (243) reminds of Eq. (242).It may be recalled that integrating a function of z, from 0 — ¢

2

giving easily the result F,,, =—'J>(- ) (260)

is equal to integrating the same function, but with argument ¢ —z, from 0 —>¢.

= = wit?
Hence, F,,, = 5J
3

261)

In order to simplify the reader’s overview, all the results of integrating the integral
equations (236) to (244) will here be gathered:

The result is:

2,2

wi 2wt ot ot wt ot 2wt ) ) 2wt ow!

3
By = (W gpean LW 2w L WL Y mw?)
w 6 3 9 12 6 6 6

(262)

which may be further simpliﬁed according to
3 2 4 4

Fz :—%Jz(marctani—sw e 7t w1 2 2)+W—1nw2) (263)

3 w 6 6 2

Solving F3 (189), the final result given in expression(284)

Beginning thus with the third integral, Ii

Using the variable substitution x =z, —z, (264) (x being used as a local variable as usual)
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This makes the boarders change: z, =0 is transformed to x = -z, and z, =¢ to x=¢-z,
.Further one can rewrite dz, = dx . Hence, one may now rewrite Eq. (189):

F, =—%J> j dz, j dx(x* Inx?) (265)

z1=0 X=-z;

In order to solve the integral, the partial integral formula (11) will be used:

3 3
2x X , 2x

[dx(x* Inx? )——lnx —jdx(— S =t - (266)

X
Solving the 1ntegra1 for the given interval gives

Fy==%7 [d((x* /3)Inx*=(2/9)x°) ) (267)
z1=0 1
Inserting the values of x into the primitive function gives

—hJ? jd (( 1) 1(t—zl)z—g(t—zlf—%ln(—zl)z+§(—zl)3) (268)

z1=0
3

) 2 z 2
In(z - 1)2_6(1_21)3"'?111212_6213)

simpler written d’F, = —YJ" jd (
z1=0
(269)
This integral will now be solved for one term after another.
Before doing so, it would be practical to first simplify the integrand and put its respective
terms on one row each, as will be done in the following treatment.

3

F,, =-"%J’ j dz 321) In(t - z,)’ (270)
z1=0

Fyy =—%J> jdz1 ; Inz,’ 271)
z1=0

Fy, ==J" j dz (——(t— 2)") (272)
z1=0

— ) 2 5

Fyy ==7%J Idz1(_§Z1 ) (273)
z1=0

In order to solve Eq. (270) the following variable substitution will be done: ¢ —z, = x . This
makes the boarders change: z, =0 is transformed to x =¢ and z, =¢ to x =0 .Further one

can rewrite dz, = —dx . Hence, one may now rewrite Eq. (270)

E,, =-%J? j (- dx)—lnx (274)

zI1=0

Using now the partial integration formula (11), the last integral of Eq. (274) may be
rewritten:
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4 4
x*2x  «x )

Idx—lnx ——lnx —'[ dx——=—Inx X (275)
o 12 12 x> 12 24

and hence, Eq. (253) can be written:

Fu, == 0((x* /12) Inx® =(1/24)x*) ) (276)

One term therein may cause some confusion, namely::
4

hm(—) Inx* 277)

=0 12

However, since the term oc x* decreases more rapidly than Inx’® increases, as x — 0 this
term (277) as a whole, approaches zero.

: . : o Gome oyt
This can easily be proven mathematically, by comparing hn(}e 27 with hnol(E) Inx?, the
x> X—>

former always larger than the latter and the former approaching zero as x goes to zero. Hence,
F,, =-J> (—1 t? ——) (278)

Eq. (271) remlnds of Eq. (270).It may be recalled that integrating a function of z, from 0 — ¢
is equal to integrating the same function, but with argument ¢ —z, from 0 —¢.

t4

Z4
Hence, F,, = F,, =-%J*(—Int* —— 279
3la 2 (24 24) ( )

31b

The result will, however, this time not be derived separately.

In order to solve Eq. (272) the same variable substitution as in the preceding case may be
used. But apparently, the solution can immediately be realized due to the simplicity of the
expression, and accordingly,

Foy==4J" (—((1/4)(1‘ z)* ) (280)

Inserting the values of z,into the primitive function gives
Fy, ==%J* (—) (281)

Eq. (273) reminds of Eq. (272).It may be recalled that integrating a function of z, from 0 — ¢
is equal to integrating the same function, but with argument ¢ —z, from 0 — .

Hence,
4

F32b _F32u __I/ZJZ(_t

) (282)

In order to simplify the reader’s overview, all the results of integrating the integral
equations (270) to (273) will here be gathered:

_ ot
=—J? —1 R 283
2J 7 ( B 9) (283)

or even s1mp1er.
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—J? ( g ——) (284)

Solving F4 (190), the final result given in expression(313)

Beginning thus with the third integral, F,

Using the variable substitution x =z, —z, (285) (x being used as a local variable as usual)
This makes the boarders change: z, =0 is transformed to x = -z, and z, =¢ to x=¢—z,
.Further one can rewrite dz, = dx . Hence, one may now rewrite Eq. (190):

F, = —15J2(w?) Idzl fldxln(x +w?) (286)

=0 X=-z)

In order to solve this integral, the partial integral formula (11) will be used:

[drin(x® +w?) = xIn(x? + w?) - [ dx(x 22’“ 0) (287)
xT+w
The last term of Eq. (265) may be simplified according to the following steps:
jdx(x )——2jd Mv—_zwz—ZJ.dx+2w [ax— ! (288)
X" +w x> +w’

which after 1ntegrat10n thereby using Eq. (167) [14] gives the result

_) = —2x + 2warctan (289)
x + W w

I dx(x—;

_ £ X
Hence, F, =~'%J>(w") [dz ((x In(x* +w*)—2x+2warctan—) )
z=0 W Xz,
(290)
Inserting the values of x into the primitive function gives

F, =] (w)jdz (= 2)In((t — 2,)* + w?) = 2(t — z,) + 2warctan ' —

=0

"L (-2 In((-z,)" + w?) +

—Y5J* (W) [dz,( 2(~z,) - 2warctan &2, 291)
w
z=0
simpler written:

_ ! f-
F, =—%J>(w") Idzl ((t=z)In((t - z,)* + w*) — 2t + 2warctan
;=0

(292)

z z
L4z, In(z,” + w?) + 2warctan )
w

This integral will now be solved for one term after another.
Before doing so, it would be practical to first simplify the integrand and put its respective
terms on one row each, as will be done in the following treatment.

Fy, ==%J* (W) j dz,((t = z) In((t - 2,)* + W) (293)

z,=0
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E,, =—Y5J (W )jdz (z, In(z,” +w?)) (294)
20

F,, =—"%J*(W") jdz (2warctant - L) (295)
20

F, =—%J> (W) jdzl(2warctani;) (296)
20

F,y =—%J*(w?) jdzl (=21) (297)

=0
In order to solve Eq. (293) the following variable substitution will be done: ¢ —z, = x . This
makes the boarders change: z, =0 is transformed to x=¢ and z, =¢ to x =0 .Further one
can rewrite dz, = —dx . Hence, one may now rewrite Eq. (293)

E,, =—%J*(w?) j (—dx)xIn(x> + w?) (298)
Using now the partial integration formula (11), the last integral of Eq. (298) may be
rewritten:

j dx(xIn(x> +w?)) = "—22111(x2 +w)— j dx(% Zix 0) (299)
X w

The last term of Eq. (299) may be simpliﬁed according to the following steps:

2

x(x +wl—w )
—jdx(zx +W)_ jd jdx(x)+wjdx : (300)
Performing the integrations gives
2 2 2
~[ax (= 2x ==+ D in(x? +w?) (301)
2 x*+w’ 2 2

and accordingly

Fuu =420 (6% 1 2) In(x? +w?)~(1/ 2)x7 +(w? / 2) In(x* +w?),_,
(302)

Inserting the values of x into the primitive function gives
2 2 2

Fo, ==%J (W )( ln(t +w )—%er?ln(z +w )_TIHW ) (303)

. . _ w2? wh W2t2

Simpler written 4 F,  =-'%J%(—— 5 In(e> + w) + — 5 ln(t +w )—71 J )
(304)

Eq. (294) reminds of Eq. (293). It may be recalled that integrating a function of z, from
0 — ¢ is equal to integrating the same function but with argument ¢ — z, from 0—>¢t.

4

Hence, F,,=F, =-%J"( ln(t W)+ 5 ln(t +w )—TInw —T) (305)

In order to solve Eq. (305) the following variable substitution will be done: fza x . This
w

. t
makes the boarders change: z, =0 is transformed to x =— and z, =¢ to x =0 .Further one
w

can rewrite dz, = —wdx . Hence, one may now rewrite Eq. (305):
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0 t/w
F,, =-"%J*Q2w") I(—wdx)(arctan x)=-Y%J>2w") Idx arctan x (306)

x=t/w x=0

Using now the integral formula (177) [15] gives

Fo, == @w)(x arctan x—(1/2) In(1+x* ))j_ (307)

=t/w

Inserting the values of x into the primitive function gives

Fry == ') arctan L - Ling + (1)) (308)
w w2 w

simpler written: 7, =—t%.J%(2wrarctan-— — w* In(w? +¢2) + w* In w?)
w
(309)
Eq. (296) reminds of Eq. (295) It may be recalled that integrating a function of z, from 0 — ¢
is equal to integrating the same function, but with argument ¢ —z, from 0 —¢.

t
Hence, F,,, =F, =-"%J>Qw'tarctan——w* In(w* +¢*) + w* Inw?)
w

(310)

Eq. (297) is solved very easily, since the integrand is only a constant. Hence,

F,, =="%J*(=2w’t) (311)

In order to simplify the reader’s overview, all the results of integrating the integral
equations (293) to (297) will here be gathered

F, = —1/2J2(4w3tarctani W+ W+ wt = 2w I +wh) + 2wt —wh)Inw? —2w’t?)
w
312)
or even simpler: F, = —Y4J > (4w’t arctan— — 3w/ + W2 —wH)In(t> + w?*) + w' Inw?)
w

(313)

Solving F“S (191), the final result given in expression(314)
This integral is very easily solved, since the integrand is only a constant.

Hence, F, =-'J>(=3w’t?) (314)

Writing the total result 7 = F, + F, + F, + F, + F, (315)
The task is now to gather all the results attained above into one comprehensive expression, in

the shape of a table, with all terms belonging to a certain function on one row each. The
results were attained in the expressions (227), (263), (284), (313) and (314) respectively.

First, however, the results are gathered plainly in the order they are attained:
2,2 4

4
W ow? +4%ln(t2 +w2)—4%lnw2)

R 3
F=_yj? ((% +4w’r) arctan% + 8

3 2,2 4 4 4 4
—%JZ(%arctani—SWt +%+( ;V —%)111(12+w2)+W7
w

Inw?)
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4 4
CnrrCme -1
6 36
“ T (dwltarctan - — 3wPt? + (W2 — whHIn( + w?)+ w' Inw?)
w

— I (=3wt?))
—BJ*(2w'tr)) (316)
The table will be as follows, without any simplifications.:

_ 3 3
F=-%J* ((4Wt + 4w’f)arctan - + (M +4w’r) arctan -

3 t 3 w
8w’t’ _5w/2t2 EPUERIIPNEN
3 6
—2w'tr
+ ——— W =W In( + W’
( PR ) In( )
AN
36 36 36
_ 4 4
+( égw +—+w')Inw’
t4
+€lnt2) (317)

Further steps will now be undertaken in order to simplify the expression above,
At first, of course one can easily simplify by adding similar terms. This leads to:

_ 3 3
F=-%J? ((4th + 4w’f)arctan - + (% +4w’t)arctan L
t w

2,2 4 4 4
B Y n 4w+ P + ne?)
6 6 6 6
(318)
At first one may now remark the symmetry between two of the arctan terms:
4w’t(arctan Y tarctan i) (319)
t w
Since arctanl =arccotz (320) [16]
z
and arctanz+arccotz:i%7r (321) [17]

Where the positive sign constitutes the primary solution, which otherwise are attained if using
the complex definitions of the arctan and arccot functions:

2 (322) [18] and arccotz ="
t=z 2 z+i

z—1I

i
arctanz = —In
2

(323) [19]

Hence, expression (295) develops to 4w’ t% =2mw't (324)

= 4wt® w o 4w't t
F=-%J? (Tarctan—+ arctan — + 22w’t — 2w’tm —
t w
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2.2 4 4 4 4

_ 25wt _|_(_W__Z_.i_wztz)ln(z2 -|-wz)+w—lnw2 +Z—lnt2) (325)
6 6 ©6 6 6

(—2w'trr)

Since the current / = Jwt (303) and further a suitable approximation is that the width w of
the wire may be regarded as approximately the same as the thickness ¢, i.e. w=1¢ (326)
Which altogether leads to

47 4m 25 2 RTINS R
F=-I* — =+ ZIm@w) + —lnw  +—Inw 327
Ga734 6 3 6" ©27)
This expression may be further simplified, and one finally attains:
F=-1I (27”—%+§1n2+1nw) (328)

However, since the result is achieved for only one branch of the bridge, for the branch 10-7.
Since branch 2-5 shows the same properties with respect to current and dimensions of the
bridge, the result according to expression (305) can simply be doubled in order to attain the

results from both branches. Hence, F," = 2d*F = I* (E —2?7[ —gl 2-2lnw) (329)

The sum of Eq. (329) and (128) gives the total force between the two halves of Ampére’s
Bridge according to the interpretation of Wesley. He writes:

F 13 =z I’ I’
=———— In2+ 1+——1n1+ 1+— +In(L/ 330 3
T3 ( ) ,/ YE ( )+In(L/w) (330)  [3]

Wesley also prefers to use the circular cross sectlon d of the wire that Ampére’s Bridge
consists of instead of the Cartesian variable w due to a quadratic cross section. That makes the
following transformation formula necessary:

Jrd

4. Conclusions concerning the derivation by Wesley

It has been convincingly shown that Dr. Wesley has correctly attained his formula, derived
from Ampere’s Law, intended at predicting the force between two parts of Ampére’s Bridge.
Measurements on Ampere’s Bridge performed by Pappas and Moyssides [24] has been
presented in his papers [3] and [20].and he has succeeded in applying his formula upon that
set, thus achieving some resemblance with the measurement results by Pappas and Moyssides
[24]. However, Jonson has pointed to deficits in that result [6] and proposes another model,
making use of only Coulomb’s law.
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Figure 2. Showing the force between the two halves of Ampére’s Bridge as a function of
the circular cross section d [5]. (Figure by Wesley redrawn by Jonson)

5. Jonson’s method use Coulombs law in order to predict the force within Ampére’s

Bridge.

It has usually been assumed that Coulomb’s law, which is normally being used in order to

explore electrostatic forces, is unable to account for electromagnetic forces, i.e. especially

forces between electric currents.

Jonson has made an effort to do that [6], thereby taking into account the effects of the time

delay that inevitably occurs with respect to all action-at-a distance. (He claims support in

favour of the opinion that believes that no action takes place instantly, that is requires a

transport time in order to have effect).

5.1. Definition of variables that appear in the expressions for the force upon Ampére’s

Bridge.

Please see chapter 3.1. That is, the same variables are defined by Jonson as by Wesley.

5.2. The expression for the force between two currents according to Jonson.

The same procedure with respect the choice of integral type is used as in the analysis by

Wesley.

For current elements far away from each others line integrals will be used and

2 Hy IZR(d§1 ® E)(dgz *R)
4 R’

and for parts of the bridge in close contact with each others volume integrals have to be used:

d (332)

613:&(‘]1 'R)(Jz 'R)
A R’

Both formulas can straightforwardly be derived from the result in an earlier paper on the

subject [8].

The formula is there written according to:

d (333)
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d’F _ (=p *R) (=p,v; 'é) Up

5 (334)
dx,dx, Rc Rc 4re R
where [ = pv (335) is being used.
The well-known relation ¢* = (336)

Ho&y
makes the identification with Eq. (332) and (333) easily conceivable.

In order to attain formal expressions for the force due to Coulomb’s Law, expressed in this
application, a comparison between Wesley’s expressions for Ampere’s Law and Jonson’s for
Coulomb’s law must be done. They show one important feature: Both contain terms

(d5, ® R)(d5, ® R)R

proportional to (337)

The expressions by Wesley were earlier defined in Eq. (1) and (2). And are repeated here for
the reader’s convenience:

d°F Y T eF)J eF
IR =7(=2 2r3 1+3( 2 r)g 1 )) )
2 1
. ds, e ds e PN 5. oF
P°F = 1,172 2 2B (85, 15, o 7), o

r r
Seemingly, Jonson uses only the second type of term and with a constant three times smaller
than Wesley. Hence, in order to attain the Jonson expression, firstly the first type of term has
to be removed from all the derivations by Wesley, secondly, the remaining expression must
accordingly be divided by three.
Also a third thing must be done, which has thus far been unrecognized by everybody: to take
into account the impact of the current source (battery) of the circuit.
This was originally done in the 1997 paper of this author [7]. here, only the results will be
used.
A difference between the expressions by Wesley and Jonson is also the different way they
define the coupling constant before the spatial equations: The experiment reports were
reported [1] with the unit abampere instead of ampere, which causes a need to divide the
whole force by 100 (10 for each current) and they used gramweight for the force, which in

turn makes a division by 980mm /s*> needed. However, Jonson follows the scaling procedure
by Wesley, when dealing with the Coulomb model of his. But when the magnetic force law is

treated, the commonplaceﬂ =107"is being used as a coupling constant.

4

(338)
5.2.1. The removal of the ‘first type’ terms from the expressions by Wesley.
The following terms are to be removed: Eq. (34), Eq. (69) twice, since section 3.1.3 describes
an equal case to section. 3.1.2. Finally, Eq. (138) must be removed.from Eq. (158).
If all this is correctly being done, all terms due to the ‘first” Ampere law term disappears.
Wesley’s approach to separate the force into two main terms, one due to portions of the bridge
not in immediate contact with each others, /', and portions in immediate contact, F'', is
used also with respect to Coulomb’s law interpreted by Jonson, but then with an added letter J
to the variable: F,' and F,' instead.

The result of these actions is that a new expression for the force term due to parts of the
bridge in close contact with each other (i.e. 10 &> 7and 2 — 5), corresponding to Eq. (138),
according to: (Twice the result from Eq. (138) is needed, since 10 - 7and 2 — 5 both
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contribute with equal results due to their symmetric position (also commented below Eq.

(158)).

" M
F ,:2(12(—1—31nM

~ +3m2N =377 [ dz, [ dx, [ dz, [dx,In((x, —x,)* +(2, = 2)"))
z,=0 x,=0 z=0 x=0
(339)
In order to attain F,', Eq. (34) and twice Eq. (69) is removed from Wesley’s expression (Eq.
(128), the terms thus being
M—N+(M~-N)+L> N+~JN*+1I*
L M +M? + 17

M—N+(M-N?*+1L°

L

I*(4 1+(%)2 —4+4In( ) (340)

which gives:

M‘N—lnﬂ—ln(u 1+(£)
L M

, L
F,'=2I°(- 1+(ﬁ)2 +2-1In

N N+ N?+I?
M +~M? + 12

Adding now Eq. (340) to Eq. (341), thereafter dividing by a factor 3, gives the parts of
Ampere’s law that according to Jonson corresponds to Coulomb’s law:

M—~N+(M~-N)"+L’

L

~21 ) (341)

1 L
F ==2I"(-/1+(—)* +2—-1n
173 ( (M)

N++4N?+ 12 "
M+NM?* + 172

+In2N)=2J?
y rham -2 |

z,=0

M-N

N L
—In——In(+,/1+(—)*)-21In
3 ( (M))

—2In

et oM dz, [ dx, [ dz, [dx, In((x, = x,)" +(z, = 2,)"))
3 M X, =0 ;=0 x,=0

(342)
The last term, however, is equal to Eq. (329), whose result may simply be added.(repeated

here for convenience)

I? (2—65—2?”—§1n2—21nw) (329).
Using alsow = @ (331

Makes it easy to evaluate the formula, favourably for the endpoint values of the diagram, i.e.
1.6mm and 3.2mm respectively, which gives — after taking also into account Eq. (349),
the values F, =10.7(gmweight / amp®)x10~ and F, = 9.3(gmweight / amp®)x10~" .

Apparently, this formula too (i.e. Coulomb’s law in Jonson’s interpretation) succeeds in
predicting a decreasing force with respect to the circular cross-section, the values being
situated not-so-far from the measured ones.

5.3. The impact of the current source in contributing to the force.

Jonson also discovered that the very current (voltage) source also plays a role in contributing
to the total force between two currents [7]

The correction to be made is due to the effects of the current source, since all the work that is
being done on the electrons going through the circuit by the electric field must be exactly
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balanced by the work being done by the same electric field on the electrons which remain on
the poles. As the current flows, namely, the electric field inevitably weakens, and hence, the
electrons that still are situated on the poles feel free to move slightly. How this is best
mathematically treated is described in the 1997 paper by this author [7].

The current to be defined to the poles is the equivalent of the length of the circuit times the
current through the circuit times a dirac function due to the ‘point’ nature of the ‘slight’
movement of the pole electrons, while still being at the poles. For simplicity, the battery is
assumed to be situated at half the length of branch 1. Hence, the ‘pole current’

L
Iporr =2(L+M)IO(x, — 5) (343)

Three contributions to the total force will appear: to branch 5,6 and 7 espectively.
5.3.1 Correction term battery to branch 6.
The following expression for the force may be defined in this case, thereby using Eq. (332):

L . (=1L +M)o(x, - £)(—Ia’x2 NM?)
I’ J dx, J dx, 2

344
5=0  x=0 ((x, _x1)2 +M?)*"? (44
Performing the integrals gives :
g12M(L+M)( —L +1 2L ) (345)
3 2 2 2
3 r’'+M

() + )
5.3.2 Correction term battery to branch 7.
Again applying Eq. (332) now gives the following expression for the force:

Ly (—xlyf>(z(L+M>)5<x1—g)dxldm
I’ J dx, J dx,

(346)
x,=0 V=N ('xl2 +y2)5/2
Performing the integrals gives:
%IZL(L+M)( M R N +L—22 N —% M )
&y eary: (PN \/(L)Z +N? \/(L)Z +M?
2 2 2 2
(347)
5.3.3 Correction term battery to branch 5.
Due to the symmetry of the problem, the same result will appear in this case.
5.3.4 The sum of all correction terms
Adding the results above, Eq. (345), double Eq. (346) makes:
,L+M - LM 2L 2M 1 NL 2N 1
T T L L L T 1
(5 +M?*)3/2 2 +M> () +N?)"? (X +M?
2 2 2 2
(348)
Evaluation gives F,, =-0.511" (349)

Using Eq. (342) and taking into account Eq. (349) gives a result that fairly well fits with

measured values. 10.7x107 at the left side of the diagram, 9.3 x107 at the right side, thereby
using Wesley’s scaling.
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6. Comparison with the Magnetic Force Law (Lorentz Force)

Jonson has also performed a calculation of the force based upon the traditional ‘Magnetic
Force Law’, the so-called Lorentz force [10].

In the DC cases the traditional expressions for the so-called magnetic field and the magnetic
‘Lorentz’ force will be used. The undergraduate course book this author has used during his
MSc studies [22] expressed the laws as follows (indices adjusted to fit with this paper):

F :j] ds, x B (350)

~ M, ¢l ds, x¥

p=to [ 351
47[-'. P (351)

Now the contribution to the magnetic field at each branch of the upper bridge will be derived,
provided it gives rise to a force component along the y axis. It can easily be stated which parts
of the bridge will not give rise to y components, namely those aligned with the y axis, i.e.
branch 5 and 7. Hence, the task before us is to derive expressions for the magnetic field at
branch 6 only. All the three branches of the lower part of the bridge will contribute.

6.1. Magnetic field and magnetic force from branch 1 to 6.

Realizing first that ds, = (dx,,0,0) (352) , 7 =(x, —x,,M,0) (353)
Using thereafter Eq. (324) gives:
L —
MI 1 _dx
16 =t Idxl lzz 1 273/2 (354)
4 ((x; =x,)" +M7)
. . o . Mda
Using the variable substitution M tana = x, — x, (355) gives dx; =———— (356)
cos”
x,—L 27 —
_ My -M"1u 1

This leads to B, , = da = 357

e AJ.X cos’a (M*tan’a+M?*)*"” (357)
which reduces to
R I —.arctan((x,—L)/ M)
B, e Rkl L J.da cosa (358)

47[ M a=arctan(x, / M)

and, finally, after performing the integral,
— Mo — 1, x,—L X
B, = P ( = - = ) (359)

4r Mo, - L)+ MP ()P M
Thereafter Eq. (350) has to be used in order to attain the magnetic force F,
Realizing first that ds, = (—dx,,0,0) (360)

gives
N 12 L —L
Fm,l%=f—;ﬁﬁy I dx (——=2 = ) (6D

\/(xz) M oL+ M
Solving the integral gives accordingly:

5o M I IRYE 2 as2y
v =g )+ M == L)+ M) )
(362)
Simpler, one may write

a Hy 212

) L,
mive = GG D (363)
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A detailed derivation will follow here later, Short-to-speak, however, that force law fails
completely to predict the ‘parallel force’, first observed by Ampere.

6.2. Magnetic field and magnetic force from branch 2 to 6.

Realizing first that ds, = (0,dy,,0) (364), r=(x,-L,M~-y,0) (365)
Using thereafter Eq. (351) gives:
N —
—(x,— D) u_.d
2556 S} _[dxl ( 22 Mz, ylz 372 (366)
4z (= L) +M=y)7)

Using thereafter the variable substitution x=M —y, (367) gives dx =—-dy, (368)
This leads to:

MEN x, — L) u
256 :& _[dx ( : 2) : 2Z 3/2 (369)
Az 2, ((x,—=L)" +x7)

Using now the variable substitution (x, —L)tana = x (370)
(x, - L)da

cos’a

Using all this makes it possible to rewrite Eq. (369):
x, — L) 1ii, 1
cos’a  ((x,—L)" +(x, - L)’ tan’ @)*"*

gives dx = (371)

S
B, =Y |da 372
e =5 YJM (372)

which reduces to

arctan(M —N)/(x,-L)

> My L,
B,  =——" da cosa (373
T drx,-L J G7)

and, finally, after performing the integral,

a=arctan M /(x,—L)

_ Lii _
B, =t Ll M-N _ M ) (374)
A Xy =L (M - N)* +(x, —L)* M*+(x, - L)’

Realizing first that ds, = (—dx,,0,0) (360)

gives
L
Foo o o=2oma) [ deg—— M-oN - M
m,0_s6 1%y 2 P 2 2 2
4z o XL (M =N) +(x, -L)® M +(x,-L)

(375)
Using now the variable substitution x, —L = 1 (376) giving thus dx, = _d_)zc (377)
X X

makes it possible to rewrite the integral:

- _ ¢ —dx M-N M
Frsy = i) | =5 - ) G78)

ke 1 1
e \/(M—N)z +(—)? \/MZ +(—)?
X X
Which may be simplified to:
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_ o 1 1
F, . :2‘—;(—11%) [ax( - ) (379)

\/xz +(Ml_ - \/xz o A14 y

Solving the integral gives:

sz»o = Zl_;.(_llﬁy )(ln(x+\/x2 +(1 /(]\4—]\])2))Y (380)

=—1/L
Finally, one attains

NP
_Z+ (Z) +(M)

1 [
L +\/(L) +(M—N)
6.3. Magnetic field and magnetic force from branch 10 to 6.
Due to the symmetry of the result is the same as that from branch 2 to 6.
6.4. The total magnetic force.
The total magnetic force is attained as the sum of the three contributions above.
Using the values given by Wesley [5], [24], L=0.48 m, M=1.20 m and N= 0.43 m gives a

resulting magnetic force £, = 0.29x107° u, (382)

(381)

Ho 2
=—2(-2I"u )In
47z( 2

m,2—6

if using Wesley’s scaling.

Apparently, the force is attractive but constant, with no dependence of the thickness of the
circuit. Hence, the so-called magnetic (Lorentz) force is completely unable to account for the
behaviour of the force within Ampére’s bridge.

7. Conclusions.

A has already been stated, the Jonson results basically confirm the slope of the measurement
dependence of the cross section of the wire that Ampere’s Bridge consists of, whereas Wesley
partially fails in this respect. However, the Lorentz force is completely unable to predict any
spatial dependence.

It is also necessary to be stated that the strength of the current one measures, presumes the
Lorentz force participating in the torque that forces the arrow of a volt (ampere) meter to
move.

T=FxF, (383)

Hence, any measurement thus far contains a ‘circular proof moment .

8. Variable list.

This remains to be done. Mostly, the variables being used are identical with those defined by
Wesley [1], [20]. A complete list will appear rather soon.
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